Universiteit
Antwerpen

MASTERPROEF SCRIPTIE

Two-categorical Giraud theorems

Auteur: Kobe Wullaert

Promotor: Wendy Lowen
Co-promotor: Julia Ramos Gonzdlez

ACADEMIEJAAR 2020-2021






Abstract

In this thesis we study how the theory of Grothendieck topoi is generalized to the
setting of two-categories. The goal of this thesis to show a two-dimensional version
of the theorem of Giraud (which characterizes grothendieck topoi as certain exact
categories) and other well-known characterizations.
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Chapter 0O

Introduction

Sheaves are a central object in the study of Algebraic Geometry, it is therefore nat-
ural to consider the category of sheaves (over a fixed topological space, or more
generally a site). Categories which are equivalent to such a category of sheaves are
called a Grothendieck topoi. A well-known theorem in topos theory, called Giraud’s
Theorem characterizes such categories without mentioning the underlying geometric
structure. In the paper [10], Ross Street introduces how topos theory can be gener-
alized to 2-categories, i.e. categories whose hom-sets are again categories. Moreover,
he generalizes Giraud’s theorem to the setting of 2-categories.

In the first chapter we introduce the most important concepts of the theory of
2-categories, like the Yoneda lemma, (weighted) limits and we also introduce the
notion of acute and chronic arrows which play the role of epi -and monomorphisms
in 2-categories. These are needed to prove the two-dimensional theorem of Giraud.

Recall that the theorem of Giraud characterizes Grothendieck topoi as certain
exact categories. A fundamental notion of an exact category is that of an equivalence
relation. This concept is generalized to 2-categories by R. Street and is called a
congruence. In chapter two we introduce this notion. This is defined as a internal
functor, hence we first introduce the definitions of an internal category -and functor.
The archetypal example of a 2-category is a the category Cat of small categories,
so we look at the internal categories in Cat and we show that these are precisely
the double categories.

In the final chapter, we study the theory of topoi in a 2-categorical context. This
is done similarly to the theory of topoi in a one-dimensional context. Namely, by
first defining sheaves, how the sheaf property can be characterized as a limit (just
as the ordinary sheaf property is equivalent to some equalizer property). We then
consider the sheafification which allows us to characterize 2-topoi as localizations of
presheaf-categories and then we work up to the 2-dimensional theorem of Giraud
which we call Street’s theorem.






Chapter 1

Two categories

1.1 Introduction two-categories

By Cat, we denote the (closed, symmetrical cartesian monoidal category) category
of small categories with functors. The theory of (strict) 2-categories is (by definition)
the theory of categories enriched over Cat. In this section, we spell out what this
means. This section is based upon |[2].

When working with (ordinary) categories, one usually restricts themselves to locally
small categories, i.e. the hom-sets are sets. But sometimes the hom-sets have some
additional structure. In the case of abelian categories, one has that the hom-sets
are abelian groups and the composition is a group homomorphism. A 2-category
is a category in which the hom-sets now have the structure of a category (and
the composition is a functor instead of merely a function). So besides having only
morphisms between the objects, we also have morphisms between the morphisms,
these are called 2-cells.

The product of categories is denoted by x and the terminal category (i.e. the
category with 1 object and only the trivial morphism) is denoted by 1cat.

Definition 1. A 2-category K consists of:
e a class of objects (or 0-cells) Ko,

e for each A, B € Ky, a small category IC(A, B) whose objects (resp. morphisms)
are called 1-cells or arrows (resp. 2-cells),

e for each A, B,C € Ky, a functor
c=capc:K(A B)xK(B,C)— K(A,QC),
called the composition,
e for each A € Ky, a functor
u=1uy:lcas = K(A, A),
called the unit.

These data must satisfy the following commutativity azioms:
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Lcas X K(A, B) —— K(A, B) +—— K(A, B) x 1cat

luAXId l[d lIdX’U,B

K(A,A) x K(A, B) 242, K(A, B) «+—— K(A, B) x K(B, B)

(K(A, B) x K(B,C)) x K(C, D)4 (4, ') x K(C, D)

|=

IC(A, B) X (/C(B,C) X IC(C,D)) CACD
lIchBCD
K(A, B) x K(B, D) cABD » K(A, D)

Note that the unit functor u4 corresponds with both a 1-cell which we denote
by Id4 and a 2-cell which we denote by Idrq,. The first diagram means that Ida
(resp. Idrq,) acts as a unit under the composition of 1-cells (resp. 2-cells). And the
commutativity of the second diagram means that the composition (for both 1-and
2-cells) is associative.

In a 2-category, a 1l-cell is represented by an arrow f : A — B, a 2-cell a from
f:A— Btog: A — B will be denoted by  : f = g : A — B and will be
visualized as

Since each (A, B) is a category, 2-cells can be composed vertically: If a: f = g :
f

Tt
A — B and : g = h are 2-cells, we can compose them to have A \ﬂ}ﬁaB . By

h
functoriality of the composition, we can also compose horizontally:

f f fof
AT B asc = A7 JanC

That the composition is functorial means that it does not matter whether we

first compose vertical and then horizontal or vice versa, i.e. consider the following
2-cells:

f g ! f
~— X 7 ! 5 ! 7 >
A\ﬂa){B,A\hﬂﬁ)B, B\l}aj{(}’, B\ltjajc
g g g
Then
(Bod)e(Boa)=(fef)o(dea). (1.1)

i.e. the following diagram is well-defined:

f f
A g s B g
\U \\U

h




This rule will be referred to as the interchange law.
Consider v : f = ¢g: A— B and h: B — C a 1-cell. The diagram

/
AT BtsC
\E)r

will be used as notation for

/ h
A |« B i, C
\5_?){ \E/(

We clearly have that each locally small category has the structure of a 2-category
with only trivial 2-cells.

Just as Set is the archetypal 1-category, the category of all small categories is
the archetypal 2-category:

Example 1. The category Cat has the structure of a 2-category where the 2-cells
are the natural transformations.

Proof. We already now that Cat is a (1—)category and that Cat(A, B) forms a
small category whose objects are functors and whose morphisms are the natural
transformations (for all small categories A, B) where the composition is given by
the component wise composition. We now define the horizontal composition and
unit functor:

e We have to define a functor
o : Cat(A, B) x Cat(B, (') — Cat(A4,C).

At the level of the objects, we define this functor as applying the composition,
ie.

AL BBS ) GeF:=GoF

We now define e at the level of the morphisms, so consider the following natural
transformations:

i) Py
A B |5 C
~ ~_
G1 G
The composition 5 e« : Fy 0 F} — G o Gy is given (componentwise) by:

Fy(aq Be ()

B(Fi(@) 29 By(Gh(a)) 2% Gy(Gh(a)), Va e A

That § e « is indeed a natural transformation follows because the following
diagram commutes:

FZ(OCa

Fy(Fi(a)) 2% By(Gh(a)) 2249 Ga(Gh(a)
F2(F1(f))l FZ(Gl(f))l le(GMf))
F(Fi(0) g F2(Gi(D) 5—— G2(Gi(b))

Fa(ayp) G1(b)



Indeed: The left diagram commutes because by naturality of a we have G1(f)o
a, = ap o Fi(f) and then applying the functoriality of F5. The right diagram
commutes by naturality of 8 (since G;(f) is a morphism Gy(a) — G1(b)).
We now show that this composition is functorial, so we first show that the
following diagram is well-defined:

F1 F2

R PN

A G1 s B Go > C

H1 H2

So for each a € A, we have to show:

F3(Fi(a)) F5(Fi(a))
VFZ((O‘I)(L) VF2((Ot1)a)
F3(Gi(a)) F5(G1(a))
V(ﬁl)al(a) VF2((O¢2)a)
G>(G1(a)) = F>(Hi(a))
\,G2((a2)a) \((51)H1<a>
Gy(H(a)) Go(Hi(a))
\((62)H1(a) \((52)111(@)
Hy(Hy(a)) Hy(H,(a))

Since the first and last morphisms are equal, it reduces to show

Ga((a2)a) © (B1)a(@) = (B1)mi(a) © Fa((a2)a)-

This equality indeed holds by naturality of as.
To conclude the functoriality, we have to show that the unit 2-cell is preserved,
ie.

TS TS T
A “IdF B “Idc Cc = A ﬂldaop C

This clearly holds because the left natural transformation is component-wise
given by

G(P(a)) L, G(F(a) 2 G(F(a)

and both equal Idgp() : GF(a) = GF(a).
So all together we conclude that

e : Cat(A, B) x Cat(B,(C) — Cat(A, (),

is indeed a functor.



e The unit functor
g loat — Cat(A, A)
is defined as
* = Idy, Id,— Idpg,

where Idg, is the natural transformation defined as (Id;q,), := Id, (for each
a € A). This clearly is a 2-functor.

We now show the commutativity conditions which shows that Cat is indeed a 2-
category.

e Unit condition: We have to show that the following diagram commutes:

Lcas % Cat(A4, B) —=— Cat(A, B) +—— Cat(A4, B) x lca

luA xId l]d ljdXUB

Cat(A, A) x Cat(A, B) —— Cat(A, B) «+—— Cat(A, B) x Cat(B, B)

For an object a € A, we have ua(a) = Id, (the identity morphism on a), thus
this commutativity is clearly satisfied at the level on the objects. To show it
at the level of the morphisms, we have to show:

. /E\ /E\ /E\ )
A—2 A “a B = A “a B = A “a B——2 + B

i.e. we have to show for each a € A
Qrdy(a) © F(Ida(a)) = ara,@) = (Ida)ca) © 1dp(aa),
but this is clear.

e Associativity condition: We have to show that the following diagram com-
mutes:

(Cat(A, B) x Cat(B,()) x Cat(C,D) —— Cat(A,C) x Cat(C, D)

E

Cat(A, B) x (Cat(B,(C) x Cat(C, D)) .
l[dx.
Cat(A, B) x Cat(B, D) : » Cat(A, D)

Since the composition of functors is associative, we have this commutativity on the
level of the objects (i.e. functors). So it remains to check the commutativity on the
level of the morphisms (i.e. the natural transformations). Consider the following
natural transformations:



We first spell out ye (fea) and (e 3) ea. Let a € A, then:

F3(aa VYGoGia

(ve(Bea)), = F3(FpFia) — F3(GoGra) —— F3(FaFia)

= B(FRFa) 22 py(mGia) 2 B(GyGha) 129 Gy (GyGha)
(voB)oa), = Fy(FFa) 220 Bpy(Gha) D299 6y(GyGha)

— FR(RFa) 229 piraia) 259 by(Ga6ha) 229 Gy(GaGha)
So they are indeed the same, which shows the associativity of e. O

Example 2. If K is a 2-category, its opposite category K has the same objects
and K°P(A, B) := K(B, A) where the composition functors

cApo  KP(A,B) x KP(B,C) — KP(A,C)
are given by
sGB . K(B, A) x K(C, B) = K(C, B) x K(B, A) =224, K(C, A).
So we have that K, has the same 0-and 2-cells, but the 1-cells are reversed.

Definition 2. Let K and L be 2-categories. A 2-functor F from K to L, denoted
by F : K — L, assigns to each 0-cell A in IC, a 0-cell FA in L and for O-cells A and
B in K, a functor

F=Fip:K(A B)— L(FA FB)

such that its respects composition and the unit, more precisely, the following diagrams
commute:

K(A,B) x K(B,C) —222 IC(A, 0) Loat ——— K(A, A)
lFABXFBC lFAC \ lFAA
E(FA,FB)Xﬁ(FB,FC)Cchﬁ(FA,FC) FA FA

So a 2-functor F : K — L assigns to each 0-cell A in K, a O-cell FA in L, a
l-cell f: A — Bin K to a l-cell Fap(f) = F(f) : FA — FB in £ and a 2-cell
a:f=9g:A— Bin K, a2-cell F(a) = Fap(a) : Ff = Fg: FA — FB and the
functoriality of F)4p means that F' of the identity 2-cell is the identity 2-cell (between
the image of the 1-cell and itself) and F' preserves the vertical composition.

Example 3. ("Representable functors”) Let K be a 2-category and A € K a
0-cell. The hom-categories of A induces 2-functors:
The covariant one (A, —) : K — Cat maps a 0-cell B (in K) to the small category
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K(A,B). A l-cell f: B — C is mapped to the 1-cell in Cat (i.e. a functor) defined
by:

(fo—) :K(A,B) —K(AC)

g — fog
g g
ATeoB » A |«.BLscC
~ ~
g g

A 2-cella . f = g: B — C is mapped to the natural transformation given by
( Foh2h o h) .
hek(A,B)

Proof. We clearly have that f o — is a functor and a0 h is a natural transformation.
That

K(A,—)pc : K(B,C) — Cat (K(A, B),K(A,C)),

is a functor is immediate because if we have the following data:

/
e N

A k s B g s C

N

Then we have

(K(4,5) 0 K(A, ), = (A, B)e o K(A, o)y
= (Beldy)o (aeldy)
= (Boa)e (Idyoldy)=(Bow)eldy
= K(A,Boa)

where the third equality holds by the interchange law in K. So we indeed have that
K(A, —)pc preserves the composition, that it preserves the identity follows in an
analoguous way using Id; e Idy, = Idy.y.

So now it remains to check the associativity and unital condition of (A4, —). The
associativity condition means that the following diagram commutes:

K(B,C) x K(C, D) Beb » K(B, D)
lIC(A,—)chlC(A,—)CD l}C(Av_)BD

Cat(K(4, B),K(A,C)) x Cat(K(A, C),K(A, D)) —— Cat(K(A, B), K(A, D))

This commutativity clearly holds, indeed: At the level of the objects (i.e. 1-cells in

KC), we have that the image of (B ERN C,C 2 D) is given by the functor (A, go f) =
(go f)o—. At the level of objects (i.e. 2-cells in k), we have that the image of

S f2
7 > 7 >
Bl o b, b
1 2

9



is given by the natural transformation

[ec)eh
(f20f10h¥g20910h> .
hek(A,B)

To show the unit axiom, we have to show that the following diagram commutes:
leat ———— K(B, B)
UKC(A,B) l’C(Aﬂ_)BB
Cat(K(4, B),K(A, B))
This also clearly holds because ug maps the (unique) object to the identity 1-cell
Idg and the (unique) morphism to the identity 2-cell Id;4, and U (4,B) maps the

(unique) object to the identity functor Idxa gy and the (unique) morphism to the
identity natural transformation which is objectwise given by the identity. O

Analogously, we also have the contravariant representable:
K(—,A): K” — Cat.

Definition 3. Let K and L be 2-categories, F,G : K — L be 2-functors. A 2-
natural transformation o, denoted by o : ' = G, assigns to each 0-cell A
in IC a functor ay : lcar — L(FA,GA) such that for all 0-cells A,B € K, the
following diagram commutes:

14

1Cat X K:(A, B) > IC<A; B) X 1Cat

lOzAXGAB lFABXaB

L(FA,GA) x L(GA,GB) L(FA,FB) x L(FB,GB)
CFA,GA,GB
\ %GB
L(FA,GB)

Unwrapping this definition, this means that « consists of 1-cells ay : FA — GA
in £ such that for every 2-cell g : f = g : A — B, we have that the following
diagram commutes:

F(f)
/—\
F(A) F® F(B)
U
au F(g) op
G(f)
/—\
G(A) a® G(B)
U

G(9)

So in particular we also need G(f) o ay = apo F(f).

Definition 4. Let o, : FF = G be 2-natural transformations. A modification T’
from « to B consists of 2-cells I'x : ax — PBx (for each 0-cell X € A) such that if
k:f = g: X =Y isa2-cellin A, the following diagram commutes:

10



F(X) I F(r) F(Y)
F(g)
ax g Bx _ ay I;‘g By
/_\
G(X) I G(r) G(Y)

S~y

Example 4. Let F,G : A — B be 2-functors. The 2-natural transformations from

F to G and modifications between them form a category where the composition of

modifications is given by the object-wise composition of 2-cells, more precisely: If

I':a— B andl : B — v are modifications (with «, § and v natural transformations

F — G). The composition T o ' is defined by (f‘ o F> .= 'y o'y (notice that
X

this is the vertical composition in B). The identity modification just consists of the
identity 2-cells.

Proof. Clearly the identity modification defined as consisting of the identity 2-cells is
a modification. That the composition I o T is indeed a modification follows because
G(r) oIy o'y =I'y oT'y o F(r). Indeed: Since I' (resp. T) is a modification, we
have:

G(rk)oTx =Ty o F(x), G(k)olyx =Ty o F(k).

The result now follows because of the interchange law (in B). O

Example 5. The category Funy(A, B), of 2-functors and 2-natural transformations
has the structure of a 2-category whose 2-cells are the modifications:

Proof. This proof is actually the same as showing that the (small) categories, to-
gether with the functors and natural transformations form a 2-category because a
modification between natural transformation is defined analogous as a natural trans-
formation between functors is defined. Therefore we just give the construction:

Let F,G : A — B be 2-functors. By the previous example we know that the 2-
natural transformations together with the modifications indeed forms a category.
So we have to define the composition functors

¢: Funy(A, B)(F,G) x Funy(A,B)(G, H) — Funy(A,B)(F, H),

and unit functors:
u: loag = Fung(A, B)(F, F).

The unit functor u maps the (unique) object to the identity 2-natural transformation
(i.e. consists of the identity 1-cells) and the (unique) morphism is mapped to the
modification which consists of the identity 2-cells.

The composition functor maps natural transformations (a: F — G,3: G — H) to
the vertical composition of natural transformations (i.e. (foa)x := fxoax). The
composition of modifications

11



aq [
7 > TR
F ﬂr G ﬂr H
~ ~
B1 B2
is given by the modification which is object-wise given as:

Idg, ol'x . Txolds, = 5
fx oaxy —— PBxoax — fBxoax, VXeA

1.2 Yoneda lemma

The (probably) most important theorem in (ordinary) category theory is the Yoneda
lemma which says that for a functor F': C — Set (with C locally small), there is a
bijection

Nat(C(X,—-),F) 2 F(X),

which is moreover natural in both X and F. In this section we show that this
bijection extends to an isomorphism of categories when working in the 2-categorical
setting.

Let F,G : A — B be 2-functors. The 2-natural transformations and 2-modifications
form a (1—)category which we denote by Nats(F,G). The goal of this section is to
show:

Theorem 1. ("Yoneda Lemma”) Let F : A — Cat be a 2-functor. Then there
is an isomorphism (of 1-categories)

Naty(A(A,—), F) = F(A),
which is natural in A and F'.
In this section we fix some 2-functor F': A — Cat and a O-cell A € A.

Lemma 1. The assignments

a: A(A,—-) = F — aa(lds)
lia—B:AA )= F — (T,

define a functor
¢: Naty(A(A,—), F) — F(A).

Proof. First notice that this is well-defined because:
e FFA € Cat, hence ay(Idy) is an element in F/(A).

e [': o — fis a modification, thus I'4 : gy — 4 is a 2-natural transformation.
Thus (I'a)za, : @a(Ida) — Sa(Idy) is a morphism in F'(A).

That ¢ is functorial is immediate by the following computation:

p(AoTl) = ((AoTl)a)ray = (AaoTla)ray = (Aa)1a, © (T)1a, = ¢(A) 0 ()
o(Idr) = ((Id)a)14, = Tdy(r)
O

12



Lemma 2. The following assignments define a functor : FA — Naty(A(A,—), F):

e An object a € FA is mapped to the 2-natural transformation a® : A(A,—) =
F', which is object-uise given by:

Y(a)x = F(—)(a) =1a% : A(A, X) = FX : z2+— F(2)(a),(g: 2 = w) — F(g)a,
for each X € A.

e A morphism f € F(A)(a,b) (with a,b € FA) is mapped to the modification
I'V:a® = af, which is given by the 2-natural transformation Fff o =
o’ which is defined as

(FEI) =T (2) : F(2)(0) = a%(2) = F(2)(0) = ak(2))

2€A(AX)
Proof. We first show that this is well-defined.

e af% defines a 2-natural transformation because for 1-cells f,g € A(X,Y) and
2-cell B € A(A, X)(f,g), the following diagrams commute:

—> FX —> FX

o— 3 o— £f CFIB> Fg o— lF
; gzag lf . )

A(AY) Y, py AAY) 25 FY

Indeed:

ay(foz)=F(foz)(a) = F(f)(F(2)(a) = F(f)(a%k(2)),
ay(Boz)=F(Bold:)(a) = F(B)(F(ld:)(a)) = F(B)(a%

o [ Q defines a modification because for each 2-cell 5: f = ¢: X — Y in A, we
have:

P(B)oT% =T} o A(4, ).
Indeed: For each 1-cell z € A(A, X) we have

F(8)oTh(2) = F(8) o F(2)(f) = F(Boz)(f) =T} (8o 2).

We now show that 1 is functorial. We first show that it preserves the identity,
i.e. we have to show that for each a € F(A), we need that ¢(Id,) is the identity
modification, i.e. we need to show that

VX € A, Vz € .A(A,X) : Fgg“(z) = IdF(z)(a).
That this holds follows because:
I'¢e(2) = F(2)(Ida) = Idp ()

13



The first equality holds by definition of Fgg“ and the second holds because F'(z) :
F(A) — F(X) is a functor.

To show that it preserves the composition, let f € F(A)(a,b) and g € F(A)(b,c).
To show (g o f) = ¥(g) o ¥(f), we have to show that

VX € A Vz e A(AX) T (2) =T%(2) o TL (2).
That this holds follows because

L5l (z) = F(2)(go f) = F(2)(9) o F(2)(f) = T%(2) o Tk (2).

Lemma 3. ¢ and 1 are inverses to eachother.

Proof. First notice that we have ¢ ot = Idp4) because for each a,b € F(A) and
f € F(A)(a,b) we have:
(@o9)(a) = d(a”) = (o Z)(fdA) F(Ida)(a) =
(G0 ¥)(f) = (IY) = (Ph)1a, = F(Ida)(f)

a
f

We now have to show ¢ o ¢ = Idyat,aa,-),F)-
So first consider a 2-natural transformation o : A(A,—) — F. We have to show
Y(p(a))p = ap for all 0-cells B € A. So we have to show

Vf e A(A, B) : (¢(a))s(f) = as(f).

This follows by the following computation:

(o(a))p(f) = Y(aa(lda))p(f), by definition ¢
= F(f)(aa(Id4)), by definition
= ap(foldy), by naturality o

= ap(f)

Now consider a modification I' : &« — 3. So we now have to show

Vf e A(A B) p(eI)s(f) =Ts(f)
This follows by the same computation:

V(oM)s(f) = F(H(Ta)1d,)
Ip(folda) =Tp(f)

where the second equality holds since I' is a modification, indeed: Since I' is a
modification, we have that the following diagram commutes:

A(A, A) °=5 A(A, B)
oA (%)ﬁA ap (%)BB
FA) —2 F(B)
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So applying this to Id4, we get the desired equality. O]
We now conclude the Yoneda lemma by showing the naturality:
Lemma 4. The isomorphism (of 1-categories)
Naty(A(A,—), F) = F(A),
is natural in A and F.

Proof. We have to show that the following diagram commutes (for each 1-cell f €

A(A, B)):

o

Nata(A(A, =), F) —= FA
Num@Mﬁ—LFd( lFf
Nato(A(B,—),F) —= FB

1R

Let o : A(A,—) — F be a 2-natural transformation. We have (by definition)
(Naty(A(f, =), F)(a))y == ax(—o f). So the lower path is (by definition of the
isomorphism) given by ag(f) and we showed in that this equals F/(f)(aa(Ida))
which is precisely the upper path. That the naturality also holds for modifications
is exactly the same. O]

Definition 5. Let A be a small 2-category. The Yoneda embedding is the 2-functor:

Y : AP — Funy(A,Cat) : A— A(A, —).

1.3 Weighted (co)limits

In this section we introduce the notion of weighted (co)limits. In (ordinary) category,
the notion of (co)limits is usually expressed in terms of (co)cones. A more formal
way of describing (co)limits is the following: Let A be a small category and let
F: A — B be a functor. A cone for F' is an object By € B together with a natural
transformation

AB() = F,

with
Ap,: A= B: A By.

Equivalently, a cone is given by a natural transformation
A= B(By, F(-)),

where

A:A— Set: A {x}.

The limit is then such an object and a natural transformation which is universal in
the following sense:

15



Proposition 1. The limit of F, if it exists, is an object lim F' together with isomor-
phisms
B(B,lim F) 2 Nat(A, B(B, F—)),

which is natural in B € B.

Proof. We first show that the cones are indeed given by such natural transformations
A= B(B,F(—-)).

Since W(A) is the terminal category (for each O-cell A € A), a natural transforma-
tion a : A — B(B, F—) is given by a collection of morphisms (a4 : B — FA) sca.
Moreover, this forms a cone for F i.e. for each morphism f : A; — A,, we have
F(f)oaa, = aa,, indeed: By naturality of «, the following diagram commutes and
this means precisely the equality of the equation:

AA; —2 B(B,FA,)

lA f |re-

AAdy 225 B(B,FAs,)

Conversely, if (B, f) = (B EEN FA)scu is a cone for F', then this defines a natural

transformation a(®9 with o'®7) := f, (for A € A). The naturality of o) means
precisely the cone property, i.e. F(g) o fa, = fa, (with g: A} — Ay € A).
We now show that if there exists an object lim F' together with isomorphisms

B(B,lim F) = Nat(A, B(B, F—)),

which is natural in B € B, the natural transformation « corresponding with Idy, ¢
under the natural isomorphism:

Naty(A, B(B, F—)) 22 B(B,lim F), B € B,

is the universal cone for F. Consider a cone (B, f) for F and let aZ) be the
corresponding natural transformation. So we have a morphism

Ag(aB)) B = lim F.

We claim that this is the unique morphism such that for each A; € A, we have
fa, = aa, o Ag(aBh)). Since this should hold for each A;, we have to show that
the induced (2-)natural transformations are equal and this is indeed the case: By
the universal property of the weighted limit, we have that the following diagram
commutes:

Nat, (W, B(lim F, F—)) 225 B(lim F, lim F)
Natz(W,BuB<a<vi>>,F—>>l l_oABm(m)

Nat, (W, B(B, F—)) —2— B(B,lim F)
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The image of a along the path above is Ag(a(5) (since A () = Idjy ) and
the image of the path below is given by the image of

o(BoF) o
(B 220 fim B %4 FA) 4cu

under Ag.
That Ag(a®9) is the unique morphism such that f4, = a4, o Ap(aP7)) holds
follows by construction, indeed: By universality we have that the following diagram
commutes:

Nat, (W, B(lim F, F—)) 25 B(lim F, lim F)
Natg(W,B(g,F—))l lfog
Nat, (W, B(B, F—)) —2— B(B,lim F)
Since A\jim r(@) = Idym p, we have that the path above equals g and the path below

is given by the image
(BL HmF 22 FA)acq.

Thus we have

B1)Y, VA e A

Oong:fA:oon/\B(oz(

So we have that the induced (2-)natural transformations are equal from which we
conclude:

9=2s(A5'(9)) = Ap(a!®7).

Conversely, assume lim F' is the limit of F'| i.e. we have an universal cone
(hm F (limF EEN FA) ) .
AcA

By the bijective correspondance between the cones and natural transformations, we
have for each B € B a bijection

Naty (A, B(B, F—)) 22 B(B,lim F), B € B.
Indeed: Every morphism f : B — lim F' clearly defines a cone for F'
(B L lim F 22 FA)4c4.

And conversely, every cone (B, (B 2 F A)A A), defines a unique morphism g :
S

B — lim F' by the universal property of lim . Thus it remains to show the nat-
urality of A\g in B € B, i.e. for each morphism g : B — B, the following diagram
should commute:

~ X5 L
Nat, (W, B(B, F—)) —2» B(B,lim F)

NatQ(W,B(g,Ff))l l—OQ
Nat, (W, B(B, F—)) —£5 B(B,lim F)
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Consider a cone (B EEN FA)A M for F and let f : B — lim F be the unique
€

morphism induced by the universal property of lim F', i.e. Az ((B,(fa)a)) = f.
Then is the path above given by f o g. The path below is given by the unique
morphism B — lim F' which corresponds with the cone

(B ENYREN FA) .
AcA

Thus by uniqueness we conclude the claim. O

This characterization allows us to perform a twofold generalization. Firstly, we
can allow A to be replaced by any other functor, which is called a weight functor.
Secondly, this isomorphism of sets (i.e. bijections) can be extended to an enriched
setting, so in this case, we make this an isomorphism of categories:

Definition 6. The weighted 2-limit of a 2-functor F : A — B weighted by a
2-functor W : A — Cat is a 0-cell limy F' € B such that there are isomorphisms of
(1-)categories

Ap : Nate(W,B(B, F(—))) — B(B,lil/{/n F),

which are natural in B.

The Weighted 2-colimit of a 2-functor F : A — B weighted by a 2-functor W :
A? — Cat is a 0-cell colimyF € B such that there are isomorphisms of (1-
)categories

A : Nato(W, B(F(—), B)) — B(colimw F, B),

which are natural in B.

Lemma 5. If the weighted 2-limit (resp. 2-colimit) of F weighted by W exists, it is
unique up to isomorphism. Consequently we write limy, ' for the limit.

Proof. 1f Ly and Ly are both weighted limits, then we have for each object B iso-
morphisms B(B, L;) = B(B, Ly) from which L, = L, follows by the Yoneda lemma.
The same argument holds for weighted colimits. O]

In the sequel of this text, we will also write weighted limits for weighted 2-limits.
In the rest of this section, we look at some examples and properties of weighted
limits.

Remark 1. The universal property of limy, F' consists of two parts because we have
isomorphisms of categories. So we have that the morphisms (i.e. 1-cells) are given
by natural transformations, this is what we call the 1-dimensional aspect, but
we also have that the 2-cells are given by modifications, this is what we call the 2-
dimensional aspect.

Denote by & the natural transformation W — B(limy F, G—) which corresponds
with Id € B(limy F,limy F). The 1-dimensional aspect tells us then that we can
write each natural transformation oo : W — B(B, F—) as B(f, F—) o £ for a unique
f € B(B,limy F), indeed: By naturality of A\g, we have that for each 0-cell B the
following diagram commutes:

18



—1
limy, F

A
B(limy, £, limy F') —— Nato(W, B(limy F, F(—)))
Y AB(a)l lNatz(I/V,B(/\B(a),Ff))
B(B, limy F) ——2 Nato(W, B(B, F(—)))

So we indeed have:

a=X25'(Ap(a)) = Ap'(Idimy o Ap())
= Natz(W,B(Ag(a), F'-))(§)
= B()\B(CY),F—)Of

That f := X5'(«) indeed holds because by the same reasoning, we must have A\p(f) =
a which then concludes the claim since Ag is an isomorphism.

By the same argument, the 2-dimensional aspect tells us that each modification 6 :
p1 — p2 (where p; are natural transformations W — B(B, F—)) as B(a, F—) o0& for
a unique 2-cell a: hy — hy (with h; 1-cells B — limy, F).

Definition 7. Let x be the terminal category and consider the constant functor
W:A— Cat: Aw— *. A limit weighted by such W is called a conical limit.

Since the weight is trivial for a conical limit, it allows us to generalize the (ordi-
nary) limits from 1-category theory:

Example 6. ("Ezamples of conical limits”)

e Let A be the 2-category generated by 2 objects (denoted them by x,y) with no
further relations. Let XY € B be 0-cells. The 2-product of X with Y (if it
exists) is the conical limit of F': A — B which maps x — X and y — Y. We
now calculate its universal property:

A natural transformation o € Funs(A, Cat)(W,B(B, F—)) consists of 2 1-
cells
ag : W(zx) = B(B,X),a, : W(y) = B(B,Y).

Since W is trivial, both W (x) and W (y) are the terminal category, thus a,
and oy, are given by 1-cells f, : B — X and f, : B =Y. Since there are no
relations in A, there are no naturality conditions between f, and f,, thus have
that a natural transformation is given by morphisms B — X and B — 'Y with
no relations between those.

Now consider a modification I' : o« — § (with «, 8 natural transformations
W — B(B,F—)), so it consists of 2-cells I'y : oy = B, and 'y : oy — B,
these are 2-cells in Cat, hence are natural transformations. Let f, (resp.
Gz, fys Gy) be the 1-cell corresponding to o (resp. Bi, oy, By). So L'y (resp.
I'y) consists of only a 2-cell f, — g, (resp. f, — gy), that is a morphism in
B(B,X) (resp. B(B,Y)). Since there are no relations between x and y, there
are 1n particular no naturality conditions between I'y and I',.

Thus all together we conclude:

Funs(A, Cat)(W, B(B, F-)) = B(B, X) x B(B,Y).
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So if the conical limit limy, F' exists, we have isomorphisms
B(B,l%nF) =~ B(B,X) x B(B,Y),

which are natural in B € B.

Notice that the 1-dimensional aspect of this limit means precisely that limy, F
is the (ordinary) limit in By (the underlying 1-category of B), indeed: If we
let B := limy F, then corresponds Id € B(limy F,limy F') with morphisms
p:limy F — X,q : limy FF — Y and these are the morphisms which make
limy, F into the product because the 1-dimensional aspect (so the naturality of
B) tells us that for each B, a morphism (f : B — X,g : B — Y) is of the
form (q,p) o h for a unique morphism h : B — limy, F.

Let A be the 2-category generated by the following diagram.:

<

b
r —

N

The 2-pullback of 1-cells i € B(X, Z) with j € B(Y, Z) is the conical limit of
F: A — B which is defined as:
r—=>Xy—Y,z—=Za—i,b— 7.

We now calculate its universal property. For the same reason as with the 2-
product, a natural transformation o : W — B(B, F—) consists of 3 morphisms
fo : B—=X,f,: B—=Y and f, : B — Z (these correspond with o, o, and
o). Since we have morphisms a : x — z,b : y — z, we have the following
naturality conditions:

a,oW(a)=i0aza,oW(b) =joa,.

Since W(a) and W (b) are identity functors on the terminal category, these
equations mean precisely

jofy:fz:iofx-
Consider again modification T' : o — [ (with «, B natural transformations
W — B(B,F—)). SoT consists of natural transformations I'y : ap, — By, Ty
ay — By, a, = B, and (as in the case with the 2-product), they are
completely determined by 3 2-cells (in B) which we denote by:
Yoofe = Go Wy Sy = Gy f2 = Ge

Because we have morphisms a : x — z and b : y — z, we have the following
naturality conditions:

on]dW(a) :Idiofx, FZO]dW(b) :IdjOFy.
Because W (a), W (b) are identities, these equations mean precisely:
10% =z :jo’Yy'
So we conclude that the category Funy(A, Cat)(W, B(B, F—)) consists of the
following data:
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— Objects: (fx, fy, f2) € B(B,X) x B(B,Y) x B(B,Z) such that jo f, =
fz:iof:c'

— Morphisms: (e, vy, V2) € B(B, X)(fo, 92) XB(B,Y)(fy, 9y) X B(B, Z)(f, 9)
such that i oy, =y, = jo,.

So if the (weighted) limit exists, we have that the 1-dimensional aspect means
precisely that this limit is a pullback.

Let B be a 2-category and By be its underlying 1-category. Example (@ illustrates
that we can generalize the ordinary limits, but in general do not have that if an
ordinary limit exists in By, it is also the conical limit of the same diagram, i.e. the
1-dimensional aspect does not imply the 2-dimensional aspect:

Example 7. Consider the 2-category B generated by the following diagram.:

The underlying 1-category is then just the arrow category, i.e. there are 2 objects 0
and 1 and one non-identity morphism f : 0 — 1. The product 1 x 1 is just 1 (that
this holds is immediate, but one can for example see it because 1 is terminal in By).
But if 1 would also be the 2-product, then it should satisfy (by example ([6]))

B(0,1) 2 B(0,1) x B(0, 1),

which is not true, indeed: B(0,1) is a category with 1 object and 2 morphisms (from
that object to itself). Although B(0,1) x B(0,1) has only 1 object (f, f), it has 4
morphisms (Id, Id), (Id,«), («, Id), (a, ), so there can’t be an isomorphism.

If we consider 1-categories as 2-categories, we have the following result:

Example 8. Let B be a 1-category considered as a 2-category whose 2-cells are
trivial. Let F : A — B be a functor. The (ordinary 1-)limit of F (if it exists) is the
conical limit of F.

Proof. By proposition (1)), we have bijections
Ap : Nato(W,B(B,F(—))) — B(B,limr/nF),

which are natural in B. Thus we have to show that these bijections become isomor-
phisms of categories. But this is immediate since there are no non-trivial 2-cells in
B(B,limy F') and there are also no non-trivial modifications since a modification
consists of 2-cells. So this clearly becomes an isomorphism of categories and since
there are only identity 2-cells, the naturality at the level of the 2-cells is also clearly
satisfied. O

Definition 8. A 2-category B is complete (resp. finitely complete) if all weighted
limits exists for all W : A — Cat and all F : A — B (resp. for all such W and F
provided A is small).
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The proof of the following result can be found in ([6]):

Proposition 2. Let B be a 1-category with trivial 2-cells. Then is B complete (in the
2-categorical sense) if B is complete in the 1-categorical sense, i.e. every weighted
limit be computed as a conical limit.

Example 9. The weighted limit of a Cat-valued functor F' : A — Cat (with weight
W : A — Cat) is given by Funy(A, Cat)(W, F). Consequently, Cat is complete.

Proof. To show the claim, we have to show that there exist isomorphisms
¢¢ : Cat(C, Funy(A, Cat)(W, F)) & Funy(A, Cat)(W,Cat(C, F—)),

natural in C (a small 1-category).
Let G : C — Funy(A, Cat)(W, F) be a functor. We have to define a 2-natural
transformation ¢¢(G) : W = Cat(C, F—). Let X € A, define

¢o“(G)x : W(X) — Cat(C, FX),
as follows: For each z € W(X), define
gbC(G)X(x) C—>FX :c—Go)x(x),(g:c—¢)— G(g)x(x).

Since G is a functor, we have that ¢¢(G)x(z) : C — FX is a functor.
And for each morphism f : x — y € W(X), define

¢ (G)x(f) : ¢°(G)x(2) = G(=)x(x) = ¢°(G)x(y) = G(—)x(y),
by (QSC(G)X(f))C = G(c)x(f). This is a natural transformation, indeed: We have
to show for each morphism g : ¢ — d € C, that the following diagram commutes:
G(o)x(x) “XE G(0)x ()
G(Q)X(I)l lG(g)x(y)
G(d)x(2) “H Gd)x(y)
But G(g) is a modification, thus G(g)x is a 2-cell in Cat, i.e. a natural transforma-
tion. Therefore the diagram commutes by naturality of G(g)x.
We now show that ¢¢(G) is indeed a 2-natural transformation, i.e. ¢¢(G)y is nat-

ural in X. So we have to show that for each 1-cell h € A(X,Y) and each 2-cell
g€ AX,Y)(h,i), the following diagrams commute:

¢° (G

w(x) 2% cat(c, FX) w(x) 29 ¢ t(C FX)
W(h)l lCat(C,Fh)a h)gV:%}W() Fho DFZO—
W) 2% cat(c, FY) W) 29 ¢ t(C FY)

Unwrapping the definitions, we have:
¢°(G)y (W(h)(=)) :€C = FY :
¢ = G(c)y (W(h)(=)),
Cat(C, Fh)(¢°(G)x(—)) :C = FY :
c—= F(h) (G(c)x(=)) -
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And the same for h replaced by 5. Since G(c) is a 2-natural transformation, we
have (by naturality) that these are equal (for both h and ). Thus we indeed
have that ¢€ is well-defined on objects (i.e. functors). We now show that this
gives a bijection on the objects. We first show that ¢ is injective on objects: Let
G,H : C — Funy(A, Cat)(W, F) be functors such that ¢¢(G) = ¢°(H). Thus, for
each X € A, we have (by definition of ¢°):

Vo € W(X) : G(-)x(z) = ¢°(G)x(2) = ¢ (H)x(2) == H(—)x(x)
VfeW(X)(x,y):VeeC : Gle)x(f) = (¢°(G)x(f), = (¢“(H)x(
Which shows G = H.

Now consider a 2-natural transformation o : W = Cat(C, F—). Define a func-

tor G : C — Funy(A, Cat)(W, F) by mapping an object ¢ € C to the 2-natural
transformation G(c) which is object-wise given by:

o

WX 25 Cat(C, FX) &% FX, VX € A,

and each morphism ¢ : ¢ — d is mapped to the modification G(g) which is object-
wise given by:

eve

/\
WX —ox Cat(C,FX)\ﬂevg/ FX , VXeA

evq

That G(c) (resp. G(g)) is a 2-natural transformation (resp. modification) follows
because for each 1-cell h € A(X,Y) and for each 2-cell 5 € A(X,Y)(h,i), the

following diagrams commute:

WX 5 Cat(C,FX) ——» FX

W(h)l Fho_l th

WX -2 Cat(C,FY) — FY
wx —2* Cat(C FX

e ey

wx — Cat(C FY N

eve

N | T
WX ox Cat(C,FX)\Jevg/ FX

h) <W(6)>W(i) F(B)o— CaEmhy [ Fp) \F()
—— F(h :>F(Z)O— ——

WX Cat(C,FY)\Jevg/ FY

evyg

Indeed: The left squares commute because « is a 2-natural transformation and the
right squares clearly commute because evaluating after the composition (with F'h
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resp. F[3) is the same as first evaluating and then applying it to F'h (resp. Ff3).
So G : C — Funsy(A, Cat) is a well-defined, it only remains to check functoriality
of G. That G preserves composition means that if g : ¢ — d and f : d — e are
morphisms (in C), then G(f o g) = G(f) o G(g) (where o is the vertical composition
of modifications). By definition of G, this equality means that for each X € A, we
should have

ax(=)(fog) = ax(=)(f) o ax(=)(9).
For z € W(X), ax(xz) : C — FX is a functor, hence ax(z)(f) o ax(x)(g) =

ax(x)(fog). For k € W(X)(z,y), we have that ax(k) : ax(x) — ax(y) is a
natural transformation and ax (k). is a functor for every ¢ € C from which we

conclude ax(=)(f o g) = ax(=)(f) o ax(—)(9).
The definition of ¢¢ on modifications and the fully faithfulness is similar. O]

Corollary 1. Let A be a small 2-category, then is Funs(A, Cat) complete where
the limits are formed objectwise.

Proof. Let F' : B — Funy(A, Cat) be a 2-functor and consider a weight 2-functor
W . B — Cat. To show that the 2-functor category has all weighted limits, we
have to show that there exists a 2-functor limy F : A — Cat such that there are
isomorphisms

AG : Nato(W, Funy(A, Cat)(G, F—)) — Funy(A, Cat)(G,livllr/n F),

which are natural in G € Funs(A, Cat).
Let A € A be a 0-cell and define for each such A the (small) category L4 which is
the limit of the 2-functor induced by

F(=)(A) : B— Cat : B+ F(B)(A),

weighted by W. By the previous example, we know that Cat is complete, thus
this weighted limit L, indeed exists for each A € A. So for each A € A, we have
isomorphisms

AP Nato(W, Cat(X, F(—)(A))) — Cat(X, L),

which is natural in X € Cat.
We now claim that limy, F' is given objectwise, i.e.

limr/nF:A—>Cat:A»—>LA.

We now make limy, F' into a 2-functor as follows: Let f € A(A, A) be a 1-cell. We
want to map this to a functor Ly : L; — L. Since L, is the weighted limit, we
have the following isomorphism:

A Naty (W, Cat(L s, F(—)(A))) — Cat(L 4, La).

So we define Ly corresponding to the following 2-natural transformation:

(M)
W(B) ~22 " Cat(Ly, F(B)(A) 22V cat(L;, F(B)(A)),
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which we denote by Ny = (N;(B))pges, i.e. Ly is the functor

Lo = = ({reme ()" wa) o)} ),

It remains to define limy F' on 2-cells, but this is exactly the same as defining Ly
because )\(L‘:) gives a bijection not only between the 2-natural transformations and the

functors, but also between the modifications and the (1—)natural transformations.
That limy, preserves the composition follows from the naturality of Az, , indeed:

Let A i> Ay L Az be morphisms in A. By naturality the following diagram
commutes:

)\(A2>
Nato(W, Cat(La,, F(—)(A2))) —2% Cat(La,, La,)
Cat(Lay F()(0) | o I

Nats(W, Cat(La,, F(—)(A3))) —2% Cat(La,, La,)
Thus applying this to Ny, we have:
Lg o) Lf = Lg o) AL;’?)(N}C)

Ny( F(B)(g)

= Ay (W(B) M, Cat(La,, F(B)(As)) 2297 Cag(Ly,, F(B)(A3)>

Al

= A (<F<B><g> o =)o (F(B)(f)o =)o A(Lzﬁln—ladma)B 5

= )‘L(X‘f) ((F(B)(g of)o—)o )‘(Lﬁf‘ll))-l(ldLAl))
= A (Nyor) = Loy

BeB

where the third equality holds by definition of Ny(—) and the fourth holds by func-
toriality of F'(B) (for each B € B). The same computation holds for 2-cells which
shows that the composition is preserved, i.e. the following diagram commutes:

A(Al, AQ) X A(AQ, Ag) A s A(Al, A3)
(limyy F) a;, 4, X (limyy F)AQ,A;;l l(limw F)aq, a3
CLAl ,LA2 ,L

Cat(Lya,, La,) x Cat(La,, La,) =2 Cat(Ly,, La,)

We now define A\g. Let o : W — Funy(A, Cat)(G, F—) be a 2-natural trans-
formation. We have to define a 2-natural transformation Ag(a) : G — limy F.
Thus for each A € A, we need a functor ng(a)A : GA — Ly. Since L, is a
weighted limit (in Cat), this corresponds with a 2-natural transformation g : W —
Cat(GA, F(—)(A)). Define fp := evq o ap. Since « is a 2-natural transformation,
sois B. Thus Ag(a)a == )\(GAX(B). For a modification I" : @« — &, we can do the same,
i.e. define Ag(I)4 as the image of the modification given by evy o 'z under )\(GAX.
Since )\(C‘,Az is an isomorphism, we have that Ag is an isomorphism. So it remains
to check the naturality in G. Since 2-natural transformations and modifications
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are given object-wise, this naturality has to be checked object-wise and this holds
because )\_()?) is natural in X (so in particular GA). ]

Lemma 6. Let A be a small 2-category. Consider the Yoneda embedding
Y : A”? — Funy(A,Cat) : A— A(A, —).
Then we have F = colimgpY for every 2-functor F : A — Cat.

Proof. Let G : A — Cat be a 2-functor. By Yoneda we have for each 0-cell A € A
an isomorphism

¢a: Funy(A, Cat)(A(A, —),G) = GA,
Since YA = A(A, —), this induces an isomorphism (in Cat):

A Naty(F, Funy(A, Cat)(Y—,G)) = Funsy(A, Cat)(F, G).

Indeed: Consider a 2-natural transformation « : F' — Funs(A, Cat)(Y—,G). This
is mapped to the 2-natural transformation A(a) : F' — G defined by

)\(Oé)A = (bAOOéA : FA — GA.

This is natural in A because o and A are natural 2-transformations, indeed: If
f € A(A, B) is a 1-cell, then by naturality of o and ¢, we have that the following
diagram commutes:

FA —%4 Funy(A, Cat)(A(A, —),G) -5 GA
lF(f) lFunz(A,Cat)(A(f,—),G) lG(f)
FB —225 Funy(A, Cat)(A(B,—),G) —2+ GB

So A(«) is indeed a 2-natural transformation.
Now consider a modification I' : (¥ — a(®. This is mapped to the modification
A(I") defined by

AT) g :=1Idg, 0oTs: pa00a'y = ds0al?,
where Idy, is the identity 2-cell ¢4 — ¢4. A(I') is indeed a modification because
for each 2-cell v: f — g: A — B we have:
]d¢B ol'go F(’y) = ]d¢B o FUTLQ(.A, Cat)(.A(% —), G) ol'y
= G(y)oldy, oTy

where the first (resp. second) equality holds because I' (resp. Id,) is a modification.
We now show that A is functorial. That A preserves the identity 2-cell is immediate
because the (horizontal) composition of an identity 2-cell with the identity 2-cell is

again an identity 2-cell. That A preserves composition means that for modifications
I':a® —a® T:a® = a® (both from F — Funy(A, Cat)(Y —,G)), we should

have A(I'o I") = A(T") o A(I"), i.e. for each 0-cell A € A we should have
Idy, 0 (T o)y =AM oT)s=AT)a0AD)a = (Idy, oTa) o (Ids, oT4).

Since Idg, = Idg, o Id,,, this equality holds precisely by the interchange law

ED.
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We now argue that A is an isomorphism, i.e. it is bijective on objects and fully
faithful, but this follows immediately since for each 0-cell A € A, we compose with
an isomorphism ¢4 (resp. Idr,). The only thing what needs to be noticed is that if
a (resp. T') is a 2-natural transformation (resp. modification), then defines ¢;' o
(resp. [ dy1 0T 4) a 2-natural transformation (resp. modification) which shows
that A is surjective on objects (resp. full), but this is the same computation as
before. We clearly have that A is injective on objects, indeed: For each 2-natural
transformations «, 5 we have that if A(a) = A(8), then we have for each A that

paoas=ANa)a=AB)a = ¢aoBa,

but a4 is an isomorphism, hence we conclude for each A that ay = 8 which shows
the injectivity on objects. Faithfulness is shown in a similar way.

So we have that A is an isomorphism, it only remains to prove that it is natural in
G but this follows immediate by the naturality of ¢4 (given by the Yoneda lemma)
since the naturality has to be checked object-wise. O

We have seen an important class of weighted limits, the conical limits. We now
introduce an important (non-conical)-weighted limit, called the cotensor:

Definition 9. Let A be a 2-category, A € A, V € Cat. The cotensor of V and A
is an object V- th A such that for B € A, there is an isomorphism (of 1-categories)

A(B,V M A) = Cat(V, A(B, A)),

natural in B. We call A cotensored over V if the cotensors V M A exists for all

Aec A

Remark 2. Let C be the 2-category generated by a single object x. Notice that the
cotensor of V€ Cat and A € A is the limit of

F:C—>A:x— A,
which 1s weighted by
W:C— Cat:x— V.
Indeed, a natural transformation W — A(B, F—) is given by a single 1-cell V. —
A(B, A), which gives us the following isomorphism:
A(B,V i A) = Naty(W, A(B, F—)) = Cat(V, A(B, A)).

The importance of the cotensor becomes clear when taking the cotensor of the
arrow 2-category 2 (the 2-category generated by the diagram -; — -5). If the
cotensor (over 2) exists, we have an isomorphism

A(B,2 h A) = Cat(2, A(B, A)).

But a functor F' : 2 — A(B,A) consists of 2 1-cells f,g : B — A and a 2-cell
a: f— g. So we can work with 2-cells as they were 1-cells in A from B to 2 th A.
Therefore we can sometimes reduce the amount of work by only showing things for
the 1-cells. An illustration of this concept is used in the section of sheafification.
Another useful theorem we have (which we will not use in this thesis, hence not
proven), is the following:
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Theorem 2. Let A be a 2-category. Then is A finitely 2-complete if and only if it
has all 2-products, 2-equalizerd| and all cotensors with 2.

1.4 Acute and chronic arrows

Important classes of morphisms in an ordinary category are those of the mono -and
epimorphisms. The reason for this is that a lot of nice categories have an epi-mono
factorization. In the 1-category Cat, a well-known factorization of a functor is that
of the functors which are injective on objects and fully faithfull one the one side,
and on the other side the essentially surjective (that is on objects) functors. In a
2-category IC, we call a 1-cell chronic if it is representable injective on objects and
fully faithfull and the essentially surjective functors correspond with the so-called
acute 1-cells.

Definition 10. An arrow m € K(X,Y) is chronic if for all K € K, the functor
K(K,m): K(K,X) = K(K,Y),
18 injective on objects and fully faithfull.

Notice that injective on objects (for all K') means that m is a monomorphism.

Example 10. In IC = Cat, the chronic arrows are the fully faithfull functors which
are moreover injective on objects.

Proof. The monomorphisms in Cat are those functors which are injective on objects
and morphisms.

Let F : A — B be a functor. We have to show that F is fully faithfull if and only if
Cat(C,—) o F is fully faithfull for all C.

Let a,0: G = H :C — A be natural transformations such that F oa = F o 3.
So for each C' € C we have

F (G((J) ac, H(C)) —F (G((J) fe, H(C)) .

So by faithfullness of ' we conclude that for each C' € C, ac = ¢, so we conclude
a=p.

Assume Fis full. Let « : FG = FH : C — B be a natural transformation. So
for each C' € C we have morphisms a¢ : FG(C) — FH(C) (in B), so by fullness
of F, there exists for each C' € C a morphism f¢ : G(C) — H(C) (in A) such
that F(Bc) = ac. We can conclude fullness of Cat(C,—) o F' if (8¢)cec forms a
natural transformation, i.e. is natural in C, this follows from the naturality of «
and faithfullness of F' from the following computation:

F(fe, 0 G(f)) = F(Be,) o FG(F))
= ag o FG(f)
= FH(f)oac,
= FH(f)oF(fc,)
= F(H(f)o fc,)

IThe 2-equalizer is the conical limit of the 2-functor which corresponds with the usual diagram
of the equalizer, i.e. just two 1-cells with the same domain and codomain.
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where f € C(Cy, Ch).

The converse follows from the fully faithfulness of Cat(x,—) o F' where x is the
terminal category because Cat(*, —) induces an isomorphism of categories between
A and Cat(x, A). To spell this out: A functor A : x — A is given by an object
A € A and a natural transformation between such functors & : A; — A is given
by a morphism « : A; — Ay (between the corresponding objects) and the functor
Cat(*,—) o F applied to a natural transformation & is the same as applying F' to
the morphism . O

Lemma 7. The composition of chronic arrows is chronic and the pullback of a
chronic arrow s again chronic.

Proof. That the composition of chronics is chronic is clear because the composition of
pullback squares is a pullbacksquare. Let m € IC(X,Y") be chronic and f € K(Z,Y)
arbritrary and consider the pullback m*(f) of m along f, i.e. the following diagram
is a pullback square:

f*(m)

W X
lm*m l"‘
7z 1y

That (K, m) is injective on objects for all K means that m is a monomorphism,
since m*(f) is the pullback of m, KC(K, m*(f)) is therefore also injective on objects
for all K.

That IC(K,m*(f)) is fully faithfull follows because in Cat (considered as a 1-
category) we have a weak factorisation system (£, R) with £ consisting of those
functors which are bijective on objects and R consistings of the fully faithfull func-
tors and for general weak factorisation systems, R is closed under pullback. O

Lemma 8. Let J : A — Cat and S,T : A — K be 2-functors and 0 : S — T a
2-natural transformation. If KC admits J-indexed limits lim(J,S) and lim(J,T) and
if each component of 0 is chronic, then so is

lim(J,0) : lim(J, S) — Um(J, 7).

Proof. Recall that the object lim(.J, S) is defined to be the unique object such that
we have an isomorphism of categories

Y K(X,lm(J, 8)) 2 [A, Cat)(J, K(X, S(-))),

natural in X. The induced morphism lim(.J, §) is given by

limy S limy S

-1
lim(J,9)2<)\T’J ) (K(1im S,0) - N, s(Ldims,5))).

Assume that lim(J,0) o f = lim(J,0) o g for f,g € K(X,lim(J,S)). The naturality
of X means
T,J

Alim
K(limy S, lim; T) —23 [A, Cat] (J, K(lim, S, T))

lfof l]C(f,T)of
AT

K(X,lim; T) —%— [A, Cat] (J, K(X, T))

29



Thus
Ay (limfo f) = K(£,T)o Ay, s(limd)

limy S

= K(f.T) o K(limS,0) o Ay 5(Idsim, )

limy S
= K(lims,0) 0 K(f,T) o A (I, s)

lim; S

So AY/(limy @ o f) is a natural transformation J = K(X,T(—)) which is compo-
nentwise given by

S,J
AlimJ S(IdlimJ S(A)) OAO*

K(lim S, S(A)) 2= K(lim 5, T(A)) — K(X,T(A)).

J(A)
So from lim(J;0) o f = lim(.J,0) o g, we get
00N s(Idim, s)(A) o f = 040X s(Idim,s)(A) o g.
So from chronicness of 64, we get

Ad s(Idim, s)(A) o f =M\ o(Idiim, 5)(A) 0 g.

limy S limy S

As this holds for all A, we get

K(f,T) o N2? (Idym,s) = K(g,T) o A3? o(Idym, s).

limJS hI‘IlJS

Again applying the naturality of X, this equation is equivalent to

which shows that f = ¢ and thus we conclude that (X, lim(J,0)) is injective on
objects.

That IC(X, lim(J, 9)) is faithfull follows from the same computation and to show the
fullness, we use the same argument to show that we can describe each modification
in a particular form from which it then follows. n

Definition 11. An arrow e € K(A, B) is acute if for all chronics m : X — 'Y, the
following diagram is a pullback square (in Cat):

K(B,X) "M k(B,Y)

IC(e,X)l lIC(e,Y)

K(A,X) ot K(AY)

In ([10]), it was claimed that the converse in the following lemma only holds
when the 2-category has cotensors with 2. This argument indeed holds when one
replaces chronic arrows by fully faithfull arrows, but using that each chronic is a
monomorphism, the converse always holds:

Lemma 9. Let e € K(A, B) be acute and given a commutative diagram
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A—— B
X /=Y
where m 1is chronic. Then there exists a unique w : B — X such that uw = woe and

v=mow. Conversely, if a 1-cell satisfies this condition, it is acute.

Proof. The universal property of the pullback (on the objects) means precisely the
first statement.

For the converse, consider a 1-category C and functors F, G such that the following
diagram (in Cat) commutes:

C

¢ K(B,X) "N kB, y)

IC(e,X)l lIC(e,Y)
We need to construct a functor H : C — K(B, X) such that " and G factor through
it.
Let C' € C, by the commutativity of the diagram and the hypothesis, there exists
he € K(B, X) such that
‘» B
F(C)

N

A
G(C)l

commutes. Define H(C') := h¢. By definition of h¢ is we have H(C) o K(B,m) =
F(C), thus for f € C(C, D), we have that F(f) is a 2-cell from F(C) = mo H(C)

to F(D) = mo H(D). Since m is chronic, (B, m) is fully faithfull, thus there
exists a unique 2-cell hy : H(C) = H(D) such that F(f) = mo hy. So for each
f€C(C,D), define H(f) = hy.

That H respects the identity morphism Ido € C(C, C) follows because (B, m)(Idgc) =
Idrc holds, but HC' is the unique morphism which satisfies this equality by defi-
nition (or using that K(B,m) is fully faithfull). The same argument show that H
respects composition, so H is indeed a functor.

That G factorizes through H follows from (again applying fully faithfullness)

moG(f)=F(f)oe=moH(f)oe.

And we conclude by saying that H is unique by construction, indeed: The 1-cell h¢e
is the unique morphism a such that

F(C)=K(B,m)oa,G(C)=K(e,X)oa,

by the hypothesis, which shows uniqueness of H on the objects. And the uniqueness
on the morphisms follows by uniqueness of hy such that F'(f) = m o hy.
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So we have shown that the diagram is indeed a pullback which shows that e is
acute. [

Example 11. In K = Cat, the acute arrows are the functors which are surjective
on objects.

Proof. Let E: A — B be a functor.
First assume that E is acute. We have that the following diagram is commutative:

A—E B
lE l]d
Im(E) ¥~ B
Since M is chronic (since by definition it makes I'm(FE) into a full subcategory of B),

there exists a unique functor G : B — Im(FE) such that £ = Go E and Idg = M oG.
Let B € B be an object. So from

B = Id(B) = MG(B) = G(B),

we conclude that B is in the image of E (since G(B) is). As this holds for all B € B,
we have that E is indeed surjective on objects.
Now assume that F is surjective on objects and consider the following commutative
diagram:

AL B

F G

X M Yy

where M is chronic. For each B € B, choose an object A®) € A such that E(AP))

B. Now consider a morphism f € B(Bj, Bs), this induces a morphism G(f) €
V(G(By),G(By)). Since

G(B) = GE(AP)) = MF(A®),

we conclude from the (faith)fullness of M that there exists a (unique) morphism
g¥) € X(F(ABY) F(AB2)) such that M (g\H) = f. First notice that the following
assignments define a functor H:

BLx: B s A®
f =gy

Indeed, that the identities and composition are preserved follows because G and M
preserves the identities and composition and M moreover reflects the identities.

So we have a functor H which satisfies M o H = G and F = H o E. So it remains
to show the uniqueness of such H, but this follows by the uniqueness of ¢(/). O]

Lemma 10. e The composition of acute arrows is acute.
e Acute chronic arrows are isomorphisms.

e [feo f is acute and f is either acute or an epimorphism, then is e acute.
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Proof. The composition is again clear since the composition of pullback squares is
again a pullback square.

Assume e : A — B is both chronic and acute. Since Idg oe = e o Id,, there exists
(by the previous lemma) an arrow n : B — A such that the following diagram
commutes:

A—— B
Ida n

]
A—> B

Idg

So this commutativity tells that e and n are inverses of each other.
Assume eo f: A — B — (' is acute and let m : X — Y be chronic. The acuteness
of e o f means that the following (outer) diagram is a pullback square:

K, x) 2N kB, x) 2N e, x)
K(C,m)i lIC(B,m) lIC(A,m)

K(C)Y) e K(B,Y) I K(A)Y)
So we have to show that when f is either an epimorphism of acute, that e is acute,
i.e. the left square (of the above diagram) is a pullback square. If f is acute, the
right square is a pullback square, so by some well-known pasting lemma, we can
conclude that if also the outer square is a pullback square, the left one is a pullback
square.

So it remains to show the case when f is an epi. So assume that the following
diagram commutes:

Fy

¢ K(C,Y)

Py <
lfC(e,Y)

So the following diagram commutes:

Fy
C /—\
K, x) 2N o, x) MY a4, x)

Fy

K(C,m)i lIC(B,m) lIC(A,m)
K(C, Y) m ’C(B,Y) W ]C(A,Y)

Since e o f is acute, there exists a unique functor F': C — K(C,Y") such that
Fi=K(Cm)oF, K(f,X)oK(e,X)oF =K(f, X)oF,.

So it remains to show that IC(e, X) o F' = Fy:
For an object ¢ € C, we have Fy(c)o f = F(c)oeo f. So we Fy(c) = F(c) o e (since
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f is an epimorphism).

For ¢ € C(c,d) we have
mo F(¢)oe = Fi(¢) oe=mo F5(9).

By chronicness of m we then conclude F'(¢)oe = Fy(¢). So the claim is proven. [

Lemma 11. Let K be finitely complete. Let e € K(A, B) be acute, then for all

2-cells B o\ﬂ,ﬂﬁr C ,ifoe=q¢oe, then 8§ = ¢ and if 0 o e is the identity 2-cell,
then is 6 the identity 2-cell.

Proof. First assume foe = ¢poe. Let k: K — B be the universal arrow which
satisfies ok = ¢ ok (informally this is the 2-dimensional analogue of the equalizer).
So by universality of k, there exist some u : A — K such that e = k o w.

So because of the commutativity of

A—- B
U Idp
K- B
and using that e is acute and k chronic, there exist some w : B — K such that
Idg = kow and u = woe. Since k is a monomorphism (by chronicness) and
Idg = k ow, we have that k is an isomorphism, thus 6 = ¢.

To show the second claim, the same strategy is used where we take k to be the
universal arrow such that 6 o k = Id. O
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Chapter 2

Congruences

In this chapter we introduce the notion of a congruence in a 2-category. which
is a generalization of an equivalence relation in a (1—)category. R. Street defined
this notion of a congruence as a particular kind of internal functor (between inter-
nal categories). So therefore we first introduce internal category theory and later
we show that the internal categories in Cat are precisely the double categories
which gives us a explicit formulation of congruences in Cat.

2.1 Internal category theory

Definition 12. Let C be a category with pullbacks. An internal category A in C
is a tuple (Ao, Ay, s,1,e,c¢) with

e an object Ay € C called the object of objects

an object Ay € C called the object of arrows

e morphisms s,t: Ay — Ag called the source and target
e a morphism e : Ag — A; called the identity

e a morphism ¢ : Ay X4, A1 — Ay (where Ay X a, Ay is the pullback of s and t)
called the composition

which satisfies the usual axioms of a category, more precisely, the following diagrams
commute:

e Azxiom specifying the source and target of the identities:

Ny

o Axiom specifying the source and target of the composition:
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A1XAOA1—C>A1 A1XA0A1;>A1

L

Al — Ao Al % AO
where py and py are such that the following diagram is a pullback square:

p1
Al X Ao Al — Al

m| l

Al—t>A0

e Unit axiom for composition:

(eos,Id) (Id, eot
Al X Ag Al < Al A1 X Ag Al

NI

where (e o s,Id) and (Id,e ot) are the unique morphisms which complete the
following diagrams:

Id eot

Ay

~

S~ (Id,eot)
\\\J p1
Ay Xay Al — Ay

Al—t>A0

e Axiom of associativity:

(Ay x4, A)) x4, A 1% AL s, A,
(poom,(plomm»l
Ay X4, (A X4, A7) c
l([d,c)
Ay X4y Ay < s Ay

where the tuples (1d,c), (¢, Id) and (py o mg, (p1 © ™o, m1)) are the unique fac-
torizations given by the universal property of the appropriate pullback (just as
with the unit axiom of the composition) and mo, m are such that the following
diagram is a pullback square:
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(Al X Ag Al) X Ag Al L Al

”Ol l

toc
Ay Xpg Ay ——— Ay

Just as we could define a internal category in any category (with sufficient con-
ditions), we can also define a internal functor between internal categories:

Definition 13. Let C be a category with pullbacks. Let A and B be internal cate-
gories in C. An internal functor F': A — B is a pair of morphisms (Fy : Ag —
By, Fy : Ay — By) which satisfies

e sofy =Fyos,toF), =Fyot
e [Noe=¢coF;
e Floc=co(F xp F1)

Example 12. The internal categories in Set correspond with the small categories
and the internal functors correspond with the functors between those (small) cate-
gories.

Proof. This is example is not needed in the sequel in the thesis, so for illustrating
purposes we only show the correspondence with the internal categories. Let C be
a small category. We define an internal category A€ := (Ag, A1, s,t,e,¢) in Set as
follows: Ay is the set of objects in C (this is indeed a set since C is small). A, is the
union of all hom-sets in C, i.e. Ay :={J, ,ccC(x,y) (this is also a set because each
hom-set is a set and we take the union indexed by a set). The morphisms source s,
target ¢ and identity e morphisms are defined as follows:

s: A=A (fre—y —z, t:A—>A: (fre—y —y e:Ay— Az~ (Id, €C(z,x))

These are clearly functions. We now define the composition. The pullback of s along
t is given by the (sub)set

Ay Xa, A ={(f,9) € A x Ajfto f =sog},

thus
C:Al XA0A1_>A1:(fag)'_>gof7

is a well defined function. These functions clearly satisfy the axioms of an internal
category and since all data consists of sets and functions, this indeed defines an
internal category in Set.

Conversely consider an internal category A := (Ao, A1, s,t,e,¢) in Set. We define a
small category C* as follows: Let the objects of C* be the elements in Ay (so the
objects form a set since Ay is a set). Each hom-set C*(x,y) is given by

CA(x,y) ={feAsof=uztof=y}.

This is a set since A; is a set. The identity morphism Id, correspond with e(x).
The composition of f € CA(z,y) with g € C*(y, 2) is given by go f := ¢(f, g). The
axioms of A being an internal category translates directly to C* being a (small)
category.

It is clear that (C*)¢ = C and (A®)* = A which shows the claim. O
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Remark 3. In a straightforward way, one can define the notion of internal natural
transformations. Just as Cat is a 2-category, analogously we can conclude that for
a fized category (with sufficient conditions), its internal categories together with the
internal functors and internal natural transformations form a 2-category.

2.1.1 Double categories
Definition 14. A double category D consists of:

e a class of 0-cells Dy,

o for each A,B € Dy, a class of horizontal 1-cells Hor(D)(A, B) such that
for each A € Dy, there exists a identity 1-cell Id] € Hor(D)(A, A) and a
composition function

o' . Hor(D)(A, B) x Hor(D)(B,C) — Hor(D)(A,C).

e for each A, B € Dy, a class of vertical 1-cells Ver(D)(A, B) such that for each
A € Dy, there exists a identity 1-cell IdY € Ver(D)(A, A) and a composition
function

oV : Ver(D)(A, B) x Ver(D)(B,C) — Ver(D)(A, C).

e if f: A— B,g:C — D are horizontal 1-cells and u : A — C,v: B — D
are vertical 1-cells, a class Dbl(D)(f,g,u,v) of 2-cells. We denote a 2-cell
a € DUI(D)(f,g,u,v) by a square:

B

1

u

<

Q«

g,

(6%
— D
g

such that if h : B — E andi: D — F are horizontal 1-cells and w : E — F a
vertical 1-cell, there is a horizontal composition function

ol Dbl(D)(f,g,u,v) x DbI(D)(h,i,v,w) — Dbl(D)(h o f io g ,u,w).

This composition is denoted by pasting the squares horizontally, i.e.

IS
Qe
T ™
Rl

h

ERY: BN
o B
- D —
g )

And there exists also a vertical composition of 2-cells

o' . Dbl(D)(f,g,u,v) x Dbl(D)(g,j,z,y) — Db(D)(f,j,x0" u,yo” w),

which s visualized as:
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e Q=
<l wed o dm
)

These data must satisfy the following axioms:

e Dy together with the horizontal 1-cells is a category, i.e. the horizontal compo-
sition ol is associative and the composition of a horizontal 1-cell f : A — B
with horizontal identity 1-cells (on both sides) is again the 1-cell, i.e. Id% o

f=f=fo"1Idy.

e Dy together with the vertical 1-cells is a category, i.e. the vertical composition
oV is associative and the composition of a vertical 1-cell g : A — C with vertical
identity 1-cells (on both sides) is again the 1-cell, i.e. Idf oY g =g = goV Id,.

e The vertical and horizontal composition are both associative and both compo-
sition with the identity 2-cells preserves the original 2-cell.

e The interchange law holds, that is: The following diagram is well-defined:

AL BN oE

“Ioa lvop LY

¢cC - D — F
g %

Loy oo

G—}H?I
J

Example 13. FEvery 2-category K can be considered as a double category D by
having no non-trivial vertical 2-cells, more precisely:

e D, :=K,.
e Hor(D)(A, B) := K(A, B)o.

{Idsa} if A=B,

Ver(D)(A,A) = {@ slse.

o DbI(D)(f,g,1d,1d) := K(A, B)(f, q).

Example 14. The internal categories in Cat correspond with the small double cat-
egories.

Proof. A internal category A := (Ao, A1, s,t,e,¢) in Cat consists in particular of
(small) categories Ag and A;. Let (Ag)o (resp. (Aj)o) be the set of objects of Ay
(resp. Ay) and (Ag); (resp. (Ap)1) be the set of all morphisms in Ag (resp. A;). We
define a double category DA as follows:
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o DAy = (Ao)o,

o Ver(DA) = (A1,
o Hor(DA) = (Ay)o,
o Dbl(DA) = (A)),.

The composition of vertical 1-cells is the composition in Ay (under the assumption
that they are compatible). The composition of vertical 1-cells is defined using c :
Ay x4, Ay — A; as follows: Let f,g € Hor(D) = (A;)o such that t(f) = s(g)
(notice that this is well-defined because s,t: Ay — Ay are functors and f, g objects
in A;). Then we define goV f := ¢(f, g). Since both the composition in Ay and c are
associative and respect the identities, so do the horizontal and vertical composition.
We now define the vertical and horizontal composition of double cells (which is
analogous to that of the 1-cells): The vertical composition of double cells is defined
as the composition in A; (since the double cells are the morphisms in A;) and the
horizontal composition is defined using c¢. Again, since the composition in A; and ¢
satisfy the associativity and identity axioms, we have that these compositions satisfy
the correct axioms. It remains to check the interchange law, but this follows from
the functoriality of the composition functor.

The converse is analogous by reversing the definitions. For example, if D be a double
category. The objects in the corresponding internal category AP := (A, A1, s,t, ¢, ¢)
are the following:

e Ay is the category whose objects are the elements of D (i.e. (Ap)o := Dp) and
whose morphisms are the vertical arrows (i.e. (Ag); := Vert(D)).

e A, is the category whose objects are the horizontal arrows (i.e. (Ap)y :=
Hor(D)) and whose morphisms are the double cells (i.e. (A;); := Dbl(D)).

]

2.2 Congruences
Before defining a congruence, we introduce the following definition:

Definition 15. A span A IpSe (in Cat) is a discrete fibration if

e ("Unique F-left”) For each f € A(FB,A), there exists a unique morphism
1t e B(B, AY) such that F(fF) = f,G(f¥) = Id. So in particular, F(AF) =
A and G(A") = G(B).

e ("Unique G-left”) For each g € C(C,GB), there ezists a unique morphism
g% € B(CY, B) such that G(g%) = g, F(¢%) = Id. So in particular, G(C%) =
C and F(CY) = F(B).

e (”"Bimodule condition”) For each morphism f € B(By, By), we have BY = BY

and B, "5 (BF = BS) "% B, = B, I B,.
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A span A IB%Cina 2-category IC is a discrete fibration if it representably
so, i.e. for each K € K

K, A) EED ok, By 29 ko),
is a discrete fibration (in Cat).

Definition 16. A congruence E on an object A € K is an internal functor j :
E — F (in Ky) such that

® E():A:Fo,j():]dA
e ji1: By — Iy is chronic

o F' is an equivalence relation on A, i.e. (s,t): Fy — AX A is a monomorphism
and there exists a morphism p € K(Fy, Fy) such that sop=t,top=s.

e The span (sp, F1,tr) is a discrete fibration
We denote by Cong(K) the 2-category with as its 0-cells the congruences, a 1-cell

from (j : B9 — F3) to (k : E¥ — F¥) is given by 1-cells e, f in K such that the
following diagram commutes:

E L F

ool

k ’ﬁ; k
El Fl

and a 2-cell from (e, f) to (€, f) is given by 2-cells v e = éeand B: f = f
such that the following diagram commutes:

B 2 5 F)

We are now going to associate to each 1-cell a congruence. Let I be finitely
complete and f € K(A, B). Consider the following diagrams:

E1 8—E> A F1 L A
I
A % B A % B
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Where the left (resp. right) square has the pullback (resp. comma) property. Also
notice since f = f, we get unique morphisms e : A — F; and e/ : A — F} such
that

sfoef =Tdy=t"0ef s oel =1Tdy=t"oer. (2.1)

For the composition, we need a morphism ¢ : By x4 By — E; (and analogously for
c') where E x 4 E) is the pullback of s along t¥. Denote by p%;, pt; the projections,
thus s o p%, = t o pt,. So by the universal property E; (as the pullback of f along
f with projections s,t), there exists a unique morphism ¢ : E; x4 E; — E; such
that

sPocl =sPopy, tFocf =tFopt, (2.2)
This data gives us internal categories E = (A, Ey, s¥,t¥ el cF)and F = (A, Fy, s¥, 8 ef', )
indeed: equation ([2.1)) gives us the axiom specifying the source and target of the
identity morphisms, equation ([2.2)) gives us the axiom that composition respects the
source and target. So it remains to show:

e Composition respects source and target: c¥ o (Idp,,eos) = Idg, = cFo
(eE o tE,IdEl).
e Associativity of composition: ¢ o (Idg,,c?) = c¥ o (¢, Idp,).
The first equation holds because Idg, is the unique morphism such that s =
sPoldp ,tf =tFoldg,, but cf o (Idg,,eo s) also satisfies these equalities, indeed:
st =sPoldg =s"opfo(ldg,eos)=s"oc”o(ldg,,eos),

tF =tFoldg, =t¥ oply o (Idg,,eo0s) =5 ocP o (Idg,,eos),

E

where the thirth equality holds by definition of (/dg,, e o s) and the fourth holds by
definition of ¢¥. The associativity of the composition is analogous.

Using the comma property of Fi, we get a 1-cell j; : Fy — Fj;. This is moreover
chronic by the pullback property of F}. Together with Id 4, this becomes an internal
functor j = (Ida,j1): E — F.

That E; (resp. F}) is an equivalence relation on A is immediate as it is a pullback
over f with itself which has as its domain A. More precisely: (s, tf): E — Ax A
is mono by the unique factorisation and since f o s = f ot, there exists a (unique)
p € K(E, E) for whichtop=sand sop=t.

Proposition 3. The congruence associated to a morphism induces a 2-functor
E: Funy(2,K) — Cng(K).

Proof. A 1-cell between O-cells f; : Ay — B; and fo : Ay — By (in [2,K]) is given
by a commutative diagram

AlLBl

lel f l
Ay —2 B,
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We denote by jfi) : EY) — F(i the data of the congruence E(f;) on A; (i = 1,2).
Denote by G either F1( D or E . Since eg 0 fi = fyoey; and fiot = f; os, we have
that the following diagram is commutative:

G A

LN

G(2) —> AQ

\ —>ng

So by the universal property of G, there exists unique ¢(@) : G — G® such that

So it remains to show that these ¢’s define a map of congruences, i.e. the following
diagram is commutative:

(1)
Eil) J1 Fl(l)

l¢(E) L{,(F)

:(2)
EY

J

Y is
Since (s $F(2) F1(2) — Ay X Ay is a monomorphism, it suffices to show

7@ 0 ¢ o V) = 57 ojl o ¢!P)
2) o p(F) ojp) Y C) N 1 ) o )

That these equalities hold follow from:

Vo™ oM = ¢ 0550 by definition ¢
el 0 SE,(l)’ by definition jfl)
s2@ 6 B by definition ¢

s 0 jP 0 B 1y definition j1*)

The exactly same argument shows the second equality (so s replaced by t).
A 2-cell pin [2, K]

A, I B A, I B
N
A, -2 B, A, 2 B,

is given by a commutative diagram:
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A1—>Bl

er| MB, & ez| HE, &
A, — P B

In an analogous way, we define it on 2-cells and the functoriality is then a standard
uniqueness argument. 0

We will now introduce the notion of a quotient for a congruence. Let D be the
(discrete 2-)category generated by:

subject to the simplicial identities, more precisely:

egot = Idy,e; 01 = 1Idy,egody=egody e od =eodyeyod = eid

éoOi:Ido,éloiIIdo,éoodo:éoon,éIOdl:éIOdQ,éoodlzéldo

A congruence j : E — F on A becomes a (2-)functor E : D — K by assigning the
diagram of D to

J1Xad il A
T /
/\ /
F1 XA F1 L) F1
comp

Let J : D°? — Cat be the functor which assigns the above diagram to
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)

W

1
do
01
o
%
\ﬂ/
o))

where 1,2 and 3 are the free arrow categories with 1,2 and resp. 3 objects which
we denote by %1, xo, 3. The maps J; are given by:

O:1—=2 : x5

O :1—2 : %> %y

D:2—=3 1 x=>x (1=1,2)

h:2—3 @ xR (1=1,2)

O2:2—3 : x| > k3, kgt *x

Definition 17. A quotient for a congruence E on A is the J-indezxed colimit
col(J,E) for E:D — K.

A quotient for a congruence I on A can be characterized as 0-cell Q € K together
with a 1-cell ¢ : A — @ and a 2-cell 7 : ¢gs — ¢t which are universal among those
(@, q, T) satisfying some universality properties. We now spell out its 1-dimensional
property:

Since col(J, E') is the object defined as the object for which for every X € IC, there
is an equivalence of categories

K(col(J, E), X) = Naty(J, K(E(—), X)),

natural in X.

Let X € K be an object and o : J — K(E(—), X) be a natural transformation. Since
J(0) is the terminal category and E(0) = A, g correspond to a 1-cell g : A — X.
Since the map «; has domain J(1) = E; and codomain J(I1) = 1, a7 corresponds
with a 1-cell £y — X. By the (1-dimensional) naturality of «, we have that the
following diagram commutes:

1=J0) — K(E(0), X) = K(A, X)
lJ(JO) lIC(E(do),O):—os
1=J1) — K(E(1),X) = K(Ey, X)

This means precisely that aj is given by g o s (or equally g o t).

Since the map «; has domain J(1) = 2 and codomain K(E(1), X) (with E(1) = F}),
it corresponds with a natural transformation v between arrows F; — X. By the
(1-dimensional) naturality of a;, we have that the following diagram commutes:

2=J(1) = K(E(1),X) = K(F, X)
lj(jl) l’C(E(jl),O):—ojl
1=J(1) —— K(E1),X) =K(E, X)



This means precisely that the identity 1-cell from g o t¥ to g o s equals 7 o j;.
Proposition 4. Let K be finitely cocomplete, then every congruence has a quotient.
Proof. This is clear since the quotient of a congruence is a finite colimit. m

Definition 18. A 1-cell ¢ : A — @Q is a quotient map when there exists a con-
gruence E on A and a 2-cell T : qs — qt such that (Q,q,T) form a quotient for
E.

Some usefull properties are:

Proposition 5. Let IC be finitely complete. An arrow q is a quotient map if and
only if Q,q, X provide a quotient for the congruence E(q).

Proposition 6. If a congruence is a congruence associated with some arrow, then
it is the congruence associated with its quotient map (provided this quotient map
exists).

Proposition 7. Every quotient map is acute.

2.3 Regular and exact categories

Definition 19. A 2-category K is regular if
e all finite 2-limits exists,
e cach I-cell f factors as f = me with m chronic and e acute,
e the pullback of an acute arrow is acute.

Example 15. Cat is reqular.

Proof. We already know that Cat has all (finite) 2-limits. Since the chronics in Cat
are the functors which are injective on objects and fully faithfull and the acutes are
the functors which are essentially surjective on objects, this is just restating that
those form a factorization system on Cat. So it remains to show that the pullback
of an acute is acute:

Let £ : A — B be essentially surjective on objects and let F' : C'— B be a functor.
So the pullback of E along F' is given by (as a category/object)

AxpC ={(a,c) € Ax C|E(a) = F(c)},

and with the functors A xg C' — A, A x5 C' — (' the projections. We have to show
that the projection on C' is essentially surjective so let x € C'. Since E is essentially
surjective there exists some a € A such that F(a) = F(x), thus (a,z) lies in the
pullback and its projection on C'is given by = which shows the claim. [

Lemma 12. In a regular 2-category, the product of acute arrows is acute.

Proof. Let A; <5 B;, with i = 1,2, be acute. For each X,Y € K, the following
diagrams are (clearly) pullback squares:
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Ax X % p o x  yxA DNy B

iy L s

AZ;)BZ Az;)Bz

Since e; acute, e; x Idy, and Id4, X e; are acute (as they are the pullback of e;),
thus (since the composition of acute arrows is acute), we have that e; x e; = (e5 X
Ida,) o (Ida, X e9) is acute. O

Definition 20. A 2-category K is exact when it is reqular and each congruence is
the congruence associated with some arrow.

Ross Street originally claimed that in exact 2-categories, every congruence has a
quotient, but in ([4]), it was shown that there was a flaw in proof because not every
acute arrow (in a regular category) is a quotient map.

Example 16. Cat is an exact 2-category.

Proof. We already know that Cat is regular. So let E = (j : £ — F) be a
congruence on A € Cat. We have shown that the internal categories and internal
functors in Cat are the double functors and categories. So Fy = A = Fy. By
chronicness of j; : Fy — F|, we can consider F; as a full subcategory of F;. We
call the objects of Ey trite vertical arrows (notice here we call it arrows because
E; is considered as the arrows in E). Objects aj,ay € A are equivalent if there
exists a trite vertical arrow between them. This is indeed an equivalence relation
since Fj is an equivalence relation from which we have that there exists at most one
trite vertical arrow between a; and a, and it automatically is an isomorphism. This
equivalence extends to the vertical arrows which defines a category () and a functor
q: A — Q. It then follows that ¢ is a quotient for E. O

Example 17. For a 2-category C, the 2-functor 2-category Funs(C°, Cat) is exact.
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Chapter 3

Two-dimensional sheaf theory

Definition 21. A topology T on a 2-category C is a function which assigns to each
object U € C a collection T (U) consisting of chronic subfunctorsﬂ of C(—,U) such
that:

e ForeachU eC, C(—,U) e T(C).
e IfReT(U) and f € C(V,U), then is the pullback (in Fun,[C°, Cat]) of R
along C(—, f) in T(V), i.e. consider the following pullback square:

Rf— > R

[

Then we have Ry in T (V).

e Let R be a chronic subfunctor of C(—,U) and let S € T(U). If for every D € C
and f € S(D), we have that Ry € T (D), then is R € T(U).

An element in T (U) is called a covering crible of U, a covering sieve of U or
simply a U-crible.
A 2-category C with a topology T is called a 2-site.

In order to keep the notation shorter, we write [A, B] for the 2-category Funs (A, B)
of 2-functors.

Definition 22. A 2-sheaf on a 2-site (C,T) is a 2-functor F' : C°? — Cat such
that each covering sieve R — C(—,U) induces an isomorphism

[, Cat] (R, F) = [C°?, Cat] (C(—, U), F).

If K is a 2-category, a K-valued 2-sheaf is a 2-functor F : C°? — K such that for
all X € K, the 2-functor

K(X,—)oF:C? — Cat,
is a 2-sheaf for T.

!By a chronic subfunctor of C(—,U) we mean a functor R : C°? — Cat together with a natural
transformation R — C(—,U) which is chronic in Fung(C°P, Cat)
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Lemma 13. A Cat-valued 2-sheaf is just a 2-sheaf.

Proof. Let F be a Cat-valued 2-sheaf, so for each X we have that Cat(X,—) o F
is a 2-sheaf, thus for X = 1, we have F' = Cat(1, —) is a 2-shealf.
For the converse, first notice that by cartesian closedness of Cat we have:

(C, Cat](F, [C*, Cat](G, H)) = [C*, Cat|(G, [C*, Cat](F, H)),
indeed, this holds in Cat (and thus in [C?, Cat]) because
Cat(A,Cat(B,(C)) = Cat(A x B,C) = Cat(B x A,C) = Cat(B, Cat(A,C)).
Denote by X, the constant functor C%? — Cat : C' — X, we then have a natural
isomorphism [C, Cat|(X . F') = F o Cat(X, —):
So it remains to show the following:

[C°?, Cat](R, Cat(X, F(—))) & [C, Cat|(C(—,U), Cat(X, F(-))),

for each covering crible R — C(—, U). This follows from the following computation:

C?, Cat](R, Cat(X, F(—))) = [C,Cat|(R,[C?, Cat](X,, .. F))
= [C%, Cat](X ony, [C7, Cat](R, F))
= [C”, Cat](X pny, [C7, Cat](C(—,U), F))
= [C?, Cat](C(—,U),[C”, Cat)(X ,q, F))
~ [C?, Cat](C(—,U), Cat(X, F(-)))

where the third isomorphism holds since F'is a 2-sheaf. That these isomorphisms
are natural follows because in each step it is natural. O

Definition 23. Let C have all pullbacks. A pretopology or basis for a topology
on C is a function which assigns to U € C a set Cov(U) consisting of 1-cells into U
such that

e Stability aziom: For each f € C(V,U) and {f; : U; - U} € Cov(U), we have
{f*U; =V} € Cou(V) (where f*U; — V is the pullback of f; along f).

e Identity cover: For each U € C, {Idy} € Cov(U).

o Transitivity aziom: If {Ui = U} € Cov(U) and for each i, {Vj(i) — U;} €
Cov(U;), then is {V —U; - U} € Cov(U).

3.0.1 Characterization of sheaves

In this (sub)section we are going to give a characterization of a presheaf being a
sheaf.
Consider again the category D given by:
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subject to the simplicial identities. Let N : D? — Set be the functor corresponding
to the following diagram in Set:

8 O~
3<8—2
02
01
1 1 1
Ao
8 - o
33— — 2
\ﬁ/
2

p)
where i (i = 1,2, 3) is a set {1, ..., x;} with ¢ elements and
0]- i—>i+1: Tk Lk+4j( mod i+1)-

Let U be a set, denote by [U] the functor 1cae — Setx — U and let Dy, be the
opposite of the comma category N/[U], i.e. the following diagram is a comma
square:

op
D, —— lcat

|

por — Ny Qet

So (by definition of the comma category) the objects of D, (so also Dy) are of the
form (x,u) with x € D an object and u : N(x) — U and since N(z) is a set with
either 1,2 or 3 elements, u is given by a sequence of 1,2 or 3 elements in U, i.e. a
sequence of elements of U of length N(x).

A morphism (z,u) to (y,v) (in D7) is given by a morphism f : z — y in D such
that vo f = u. So we have

Iar}y,  ifv,=uVi=0,..,x
Dy ((x, ug...uy), (x,v9...05)) = {é v ilse

{e?, e}, fu=v=w

op , f _ ’
1 b = u,
0, ifuég{v,w}
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The same for when we replace 1 and e; by 1 and é;.

{d?,d*,d’}y,  if u; =w;,Vi, 5 €{0,1,2}
Dy ((1,uour), (2,vov1v2)) = § {d’},  if di(u;) = Vigj( moa 3) but not all equal
0, if {us,i=0,1}N{v;,j=0,1,2} =0

The same for when we replace 2 and d; by 2 and cfl

2t Hy=uVi=0, .,
Dy ((x, ug...uy), (x,v9...0;)) = {{Jx }

0, else

And finally we also have

{i?}, fu=v=w

Dy ((1,vw), (0,u)) = 0. else

—N—

The same for when we replace 1 and i by 1 and 4. So this describes Dy, completely.
The functor D;; — D is the forgetfull functor, i.e. (z,u) — .
Recall the functor J : D — Cat which corresponds with the following diagram (in

Cat):

1/—\
1——1

~_ x

0o

1/8—0\ 61
J&————2

\é/

02

The composite
D)7 — D — Cat,

is denoted by Jy,.
We are now going to construct a functor Sy : Dy — C: Let u,v, w be arrows into
U. Let V,, (resp. Vi) be the comma object (resp. pullback) of u along v:

duvw ~ duvw ~
vw
Vuvw ‘/vw Vuvw E— VW
ldzgw l L uvw l%w
dy® - quv
Vw Vi Vi ——s V,
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Using the universal properties from the comma objects and the pullback, we have
1-cells ja : Vipw = Vigww and Jjy : Viy — Vi,

Lemma 14. Let U be a set of arrows into an object U of a finitely complete 2-
category. The following data defines a functor Sy : Dy — C:

(27 (u,v,w)) <]—2 (i (u,v,w)) Vuvw <]— ‘N/m)w

2
ldo ldo lduvw ldzzw

ldo % i/ e Vi

Proof. This is clearly functorial by definition of the V;’s and Vi’s and the correspond-
ing morphisms d; and d;. O

Lemma 15. The following data defines a 2-natural transformation k = Ky @ Jyy —
C(Sz,{, U) N
Kow : 1—=C(V,,U): x1—=u
Kiu): 1—=C(Viu,U): *—=uody’
K@uuw) © 1 — C(Vipw,U) 1,1 —uod odi?

and 5
"i(i,uv) 2= C(Vuv, U),

maps [ x1 — %y to the 2-cell A : wo JZ” —vo J;,w which is given by the universal
property of Vi, being the comma object of u along v. And

l{(i,uvw) 13— C(‘?uvun U) : (f 1k — *2)
maps %1 ERN xo L is mapped to X composed with the identity 2-cell d“” o Jz,}j’“’ =
de o duvw.

Proof. This is again clear by definition of the V;’s and Vi’s and the corresponding
morphisms d; and d;. O

Proposition 8. Let C be a finitely complete 2-site, U € C and U a set of arrows
into U. Let R be the U-crible generated by U. Then is R a left Kan extension of Jy
along Sy , i.e. Ky tnduces an isomorphism of categories

[COP, C&t](R, F) = [D;j{p, Cat](Ju, FSM)

The isomorphism of the previous proposition is given as follows: Let F' : C? —
Cat be a 2-functor and « € [C, Cat](R, F') a 2-natural transformation. We have
to define a 2-natural transformation J;; — F'.Sy,. Define this as

(o) () == C(Suts U) ) — (F )

(zyu) »
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for (z,u) € D;f. Notice that this is well-defined because RV consists by definition
of those arrows V' — U which factor through some arrow in &/ and by definition of
K(z,u) we have that all 1-and 2-cells factor through « which lies in ¢/. Since it is a
composition of 2-natural transformations, it is clearly a 2-natural transformation.

Proposition 9. Suppose C is finitely complete and with a topology. A 2-functor
F:C? — K is a K-valued 2-sheaf if and only if for each 0-cell U € C and covers U
of U, the 2-natural transformation

Ju 2 C(Sy, U) 5 K(FU, FSy),
exhibits FU as a Jy-weighted limit for F\Sy.

Proof. Tt suffices to show the statement for IC = Cat because a 2-functor F': C? —
K is a K-valued 2-sheaf if and only if (X, F) : C — Cat is a 2-sheaf for each
X € K and weighted limits are defined representable.

Let R be a U-crible and let U consists of the arrows which R represents, then by the
previous proposition we have [C?, Cat](R, F') = [D,/, Cat|(Jy, F'Sy). But in the
proof that Cat is complete, we have shown [D;/, Cat](Jy, FSy) = lim(Jy, FSy).
On the other hand, the Yoneda lemma gives us [C?, Cat|(C(—,U), F') = F(U). So
F is a 2-sheaf if and only if F(U) = lim(Jy, F'Sy). O

3.0.2 Sheatfification

Let (C,T) be a 2-site (with small hom-categories). In this (sub)section we are going
to show that the inclusion 2-functor Sh(C, Cat) — Funy(C°, Cat) has a left adjoint
Y. which is (left) exact. So this means precisely that Sh(C, Cat) is a localisation of
the presheaf category Pry(C) := Funsy(C, Cat).

We are first going to define a 2-functor:

L : Pry(C) — Pry(C).
Let P € Pr(C) be a presheaf and X € C a 0-cell. Define

(LP)X := colimper(x)Pr(C)(R, P) = colim (T(X)"p — Pr(C) o=, Cat) :

Since T (X)? is a 1-category considered as a 2-category, we have that this colimit
is an ordinary colimit (i.e. no conditions on the 2-cells). In particular we have for
each R € T(X) the following morphism:

st Pry(C)(R, P) — LP(X).

This defines LP : C? — Cat on the 0-cells. We now define it for the 1-cells, so let
feC(Y,X) bea l-cell. Let R € T(X) be a covering sieve and consider (again) the
following pullback square:

RfLR

| l’”

c(—,Y) L= e(—, x)
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Counsider:

SP
Pry(R, P) 2250, pro(Ry, P) —L5 LP(Y).

Using the colimit property of LP(X), there exists a unique LP(f) : LP(X) —
LP(Y') such that the following diagram commutes:

Pro(R, PY 2% pry (R, P)

% %
LP(f)

LP(X) — LP(Y)

We now define LP on the 2-cells: Let 0 : f = ¢g:Y — X be a 2-cell in C. Define
(LP)o to be the 2-cell which satisfies the following property: For all covering cribles
ReT(X)and SeT(Y),if

commutes, then should the following diagram commute:

Pra(g,P)
Pry(R, P) Pry(5,PPro (S, P)
Pry(h,P)
SP SP
R S
Pra(g,P)

PTQ(va) LPY

\_/

P'r‘g(h,P)

b

Notice that LP(o) exists (and is unique) since this is also given by the universal
property of the colimit LP(X). The difference between defining LP(f) and LP(o)
lies in the fact that we can not take the pullback over a 2-cell, hence we consider
the factorization over every 2-cell.

That the 2-functor L is left exact (i.e. preserves finite limits) follows since the
colimits are filtered and since a limit in a presheaf category is computed object-
wise.

Definition 24. The assignment P +— LP defines a 2-natural transformation
l:[dpr(c) = L.
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We say that P € Pry(C) is 1-separated if
Pry(C)(i, P) : Pry(C)(C(—, X), P) — Pry(C)(R, P),
is injective on objects and faithfull for all covering cribles i : R — C(—, X)) in T (X).

Lemma 16. For P € Pry(C) a presheaf, LP is 1-separated.

Proof. We first show that for (each) P € Pry(C) and i : R — C(—, X) € T(X) the
functor

Pro(C)(i, LP) : Pro(C)(C(—, X), LP) — Pro(C)(R, LP),

is injective on objects.
Let f,g € Pro(C)(C(—,X),LP) such that foi = goi. By Yoneda we have an
equivalence of categories

¢1§ : PT2(C)(C(_7X>7P> = P(X>

Since (LP)X = colimReT(C)Pm(C)(R, P), ¢X5(f) and ¢5¥p(g) are represented by
u: Ry — Pandv: Ry — P for some Ry, Ry € T(C) and we can assume Ry = Ry C
R (since u and u|g,nr,nr, are equal in (LP)X).

We now claim that for each s € Ry (so s : Y — X for some Y'), its image under the
composite

RY CRY % ¢y, X) 2% (LYY,

is (represented by) uo 3 (and if we replace fy by gy we get vo ) where § := ¢~ !(s).
So in particular we have i 0 § = s.
The naturality of the Yoneda lemma gives us the following commuting diagrams:

P(C(-,Y),R) —*— RY

Jie l@'v PC(~, X),LP) —* (LP)X
P(C(—-,Y),C(—, X)) —2 C(Y, X) l_os l(Lp)@
|se- [ P(=Y),LP) =2 (LP)Y

P(C(-,Y),LP) —*— (LP)Y
Thus
froiv(s) = ¢rp(foiod) = ¢pp(fos)=(LP)(s)(¢1p(f)) = (LP)(s)(u).

We now calculate (LP)(s)(u). It is (by definition) the unique morphism such that
the following diagram commutes:

P(R, P) N (LP)X

l—osR l(LP)(s)
P

P(Rs, P) —— (LP)Y
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where Ry is the pullback of R along C(—,s). Thus (abusing notation)
(LP)(s)(u) = LP(s)(sh(u)) = ng (wosg)=sp (uosors,

i.e. (LP)(s)(u) is represented by wo §or,. But r, : Ry — C(—,Y) € T(Y), thus
uo3§org and uo § represent the same element in (LP)Y, thus we indeed have shown
the claim.

Since f o1 = goi, we have

uo§ = fyoiy(s) =gyoiy(s) =vos.

Since this equality hold in (LP)Y (for each s € R;), there exists some covering
crible Sy € T(Y') such that

(SS<—>C(—,Y) iRiuD) - (SS<—>C(—,Y)i>Ri>P>.

Let T := {sot|s € R;,t € S,}. This is a covering sieve of X (using the 3" axiom of
a pretopology since Sy € T(Y), Ry € T(X)). But u|r = v|r, so v and v represent
the same element in (LP)X which shows that f = ¢~ (u) = ¢~'(v) = ¢g. Thus we
indeed have injectiveness on objects.

In particular we have that P(i, L(2 M P)) is injective on objects. Since L is left
exact, it preserves cotensors and using the definition of the cotensor, we get that
the functor

P(i,L(2M P)) : P(C(—,X),L(2h P)) — P(R,L(2 M P)),
becomes
Cat(2,P(C(—,X),LP)) — Cat(2,P(R,LP))

which is (completely) determined by sending a 2-cell « to a0 i. Thus injectiveness
of P(i, L(2 th P)) on objects means precisely that P(i, LP) is faithfull. Thus LP is
indeed 1-separated. ]

Lemma 17. P € Pry(C) is 1-separated if and only if lp : P — LP is a monomor-
phism.

We say that P € Pry(C) is 2-separated if
PT’Q(C)(Z,P) : P?”Q(C)(X, P) — PT’Q(C)(R, P),

is chronic for all covering cribles ¢ : R — X in T(X), i.e. it is l-separated and
Pry(C)(i, P) is moreover full.

Lemma 18. If P € Pry(C) is 1-separated, LP is 2-separated.
Lemma 19. P € Pry(C) is 2-separated if and only if lp : P — LP is chronic.

Lemma 20. If P € Pry(C) is 2-separated, LP is a sheaf.
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Proof. Since P is 2-separated, it remains to show that if R < C(—X)eT(X)isa
covering, then is

Pry(C)(i, P) : Pro(C)(C(—, X), LP) — Pry(C)(R, LP),

surjective on objects. Let a : R — LP be a 2-natural transformation. We have to
show that it extends to a (unique) 2-natural transformation 5 : C(—, X) — LP. By
Yoneda we have that 3 corresponds with a unique object Xz € LPX. We now show
how Xz is constructed:

Form the following pullback square:

S —— R

b
P—L5 LP

So this defines a 2-natural transformation p : S — P. We then define 23 as the
image of p under
st Naty(S, P) — LPX,

i.e. rg:= sk (u). Notice that s is only defined when S € T(X): By the last axiom
of a Grothendieck topology, we can conclude S € T (X) if for any Y € C and any
f:Y = X € RX we have Sy € T(D), where Sy is defined by the following pullback
square(s):

\
7

g

Sy Ry C(—Y)
lfs lfR lfo—
S y R —— C(—, X)

O
Lemma 21. P € Pry(C) is a sheaf if and only if lp : P — LP is an isomorphism.

Corollary 2. The functor X := L3 is the left adjoint of the inclusion Shy(C,T) —
Pry(C) and it is left exact.

Theorem 3. ("Comparison lemma”)Let € be a 2-site with small hom-categories.
Let C be a small 2-category such that there is a fully faithfull 2-functor J : C — &€
such that for each object X € &, there exists a set U € Cov(X) for which the source
of each arrow in U is in the image of J.

Let C have the largest topology such that FJP : C? — Cat is a 2-sheaf for all
2-sheaves F' on €. Then J induces an equivalence of 2-categories

Sh(E, Cat) = Sh(C, Cat).

3.0.3 Acute sets

Definition 25. Let C be a finitely complete 2-category and U a 0-cell. A set U of
1-cells into U is acute if for each chronic m : V. — U we have that if for each
fW —=UelU, f factors through m, then m is an isomorphism.
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Proposition 10. Assume C has all small coproducts. Let U € C be a 0-cell and let
U be a set of 1-cells. Then is U acute if and only if the singleton set containing

( n V) Y, (3.1)

fvrV=Uel
1S acute.

Proof. Denote by f: V — U the 1-cell and let iy : V — V be the canonical 1-
cell. Assume U is acute. We have to show that { f} is acute. So assume m : W — U
is a chronic such that f = m o e for some 1-cell e : V — W. Thus for each fy € U,
we also have

fy=foiy =moeoiy.

Since each fi, € U factors through m, we conclude by acuteness of U that m is an
isomorphism.

Conversely assume {f} is acute. We have to show that U is acute. So assume
m : W — U is a chronic such that for each fiy € U, fiy = m o ey for some 1-cell
e:V — W. Since V is the coproduct, we have that there exists a unique 1-cell
g : V. — W such that ey = g oiy. By uniqueness of the 1-cell f : V — U, we
also have f = m o g. Thus by acuteness of {f}, we conclude that m is indeed an
isomorphism. O

Example 18. A singleton set {f : W — U} is acute if and only if f is acute.

Definition 26. A set G of objects of C is acutely generating if for each object
U € C, the set of all arrows in U with domain in G is acute.

Lemma 22. Let C be a finitely complete 2-category (with small hom-categories) and
G an acutely generating set of C. The chronic subobjects of a given objects form a
(small) set.

Consequently, such a 2-category contains a small full sub-2-category which is closed
under finite limits and chronic subobjects which contains an acutely generating set
of objects.

Proof. Fix U € C and let M be the set consisting of all arrows G — U with G € G
(M is indeed a set since G is a set and C has small hom-categories). For a chronic
m : Uy — U, let N(m) be the subset of M containing those arrows G — U which
factor through m.

We show that if m; : Uy — U and my : Uy — U are non-equivalent chronic
subobjects, then N(m;) # N(ms). Consider the following pullback diagram:

Ui, —2 Us
b
U, — U

If my is non-equivalent to my, then (by definition of equivalence of subobjects) we
necessarily have that n, and ny can’t be both isomorphisms. So we can assume that
n9 is not iso. Notice that ny is chronic since it the pullback of ms a chronic.
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Since G is acutely generating, M is acute and thus (since ng is chronic but not an
iso) there exists some G € G and f : G — U, such that ny does not factor through
f.

We now claim that mgo f € N(mg)~ N(m;). Clearly myo f € N(mgy), now assume
that mgo f € N(mq), thus there exists some g : G — U; such that mgo f =mjog.
So by the universal property of the pullback Uy, there exists some (unique) arrow
h : G — Uiy such that f = ns on, but this contradicts the assumption on f.

So we indeed conclude that N(mj) # N(mg). Thus each chronic subobject is
represented by a unique subset of M, i.e. the collection of chronic subobjects can
be identified as a subcollection of the powerset of M which then shows the first part
of the lemma because M is a set.

For the second part, let Cy be the full sub-2-category generated by G, so C is small.
Inductively define D;, 1 (i > 0) as the full sub-2-category of C generated by C; by
adding the finite limits. Then define C;,; as the full sub-2-category generated by
D;+1 by adding the chronic subobjects).

Let C := Ui=Ci-  This sub-2-category is finitely complete, contains all chronic
subobjects by construction. Since each C; is small, so is C since the union of sets is
again a set. O

Definition 27. The canonical topology on a 2-category is the largest topology for
which all the representable 2-functors are 2-sheaves. The sheaves for this topology
are called the canonical 2-sheaves.

Proposition 11. Let C be a finitely complete 2-site. If all representables are 2-
sheaves, then all covering families are acute.

Proof. Let U € Cov(U). By the characterisation of 2-sheaves and since C(—,U) is
a 2-sheaf FU :=C(U,U) is a Jy-indexed limit for F'.Sy := C(Sy, U).

Let m : V — U be chronic such for each f: W — U € U, f factors through m. But
C(—,U) is a colimit, therefore we have that m has a right inverse and consequently
is an isomorphism. O

Example 19. o A set of arrows with common target in Cat is acute if all the
arrows are jointly surjective on objects.

o A set of arrows with common target in Cat factors into an acute set followed
by a chronic arrow.

Proof. Let {F; : A; = A} be a set in Cat which is jointly surjective, i.e. | |, F; :
| |; Ai — A is essentially surjective. Let P : B — A be chronic such that for each 4,
there exists some G; : A; — B such that M o G; = F;. Let A € A. Since | |, F; is
surjective, there exists some i such that F;(A4;) = A, thus A = F;(4;) = M(Gi(A:)).
Thus M is surjective on objects and thus by chronicness of M is an isomorphism,
thus {F;} is acute.

Consider a set {F; : A; — A} of functors. This set induces an acute set {G; : A; —
LI, Ax} and a chronic | |, Ax — A, indeed: To show acuteness, assume there is some
chronic M : B — ||, Ay for which each G; factors through by some H; : A; — B.
So by the universal property of the coproduct, there exists some N : | |, A, — B
such that N o G; = H;. Since the following commuting diagrams:
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A =S |, A

|_|k Ay,
Wt T
MoH; 13
|_|k Ay, I_lk A

We have by uniqueness of the universal property of the coproduct we have that M o
N = Id, thus M is a (split) epimorphism and thus by chronicness an isomorphism.
The chronicness of F' : | |, Ay — A is immediate by the uniqueness of factorization.

O

3.0.4 Lex-total categories

Definition 28. A 2-category K is lex-total when it has small hom-categories and
the Yoneda embedding y : KK — [K°?, Cat] has a left adjoint which preserves finite
limats.

Theorem 4. Every 2-topos K is lex-total.

Proof. Assume K = Sh(C, Cat) and let i : K — Funy(C, Cat) be the embedding.
Then is the Yoneda embedding K — Funy (K, Cat) factorized as:

) Funca(i°P,Id)
_—

K4 Funy(C?, Cat) % Funy(Funy(C%, Cat)”, Cat Funy (K, Cat).

By sheafification, i has a left-exact left adjoint and thus also [i°?, Id]. The Yoneda-
embedding of the presheaf category has a left-exact left adjoint given by Z(P)(U) =
P(C(—,U)). So by composition, it follows that the Yoneda embedding of K also has
a left exact left adjoint. O

Lemma 23. The canonical topology on a lex-total 2-category IC consists of the acute
sets as covers.

Proposition 12. Fvery Cat-valued canonical 2-sheaf on a lex-total 2-category IC is
representable.

Lemma 24. In a lex-total 2-category, the pushout of a chronic is a pullback, i.e. let
m: X =Y be a chronic and consider its pushout along f : X — A:

X 25y

b

A—— B
Then is this pushout square a pullback square.

Proof. First note that we can compute finite limits and colimits in [K, Cat], be-
cause we can take the limit (resp. colimit) under the Yoneda embedding and then
apply the left adjoint Z of the Yoneda embedding y to get the desired limit (resp.
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colimit) since Z preserves finite limits by definition of lex-totalness (resp. Z pre-
serves all colimits as a left adjoint). But (co)limits in the 2-functor category are
computed object-wise. Thus it suffices to show the statement for K = Cat.
Consider the following diagram:

X /\
; AxpY —5Y
Lo
A—" B
Here is B the pushout of m along f and A xg Y is the pullback of p along ¢q. Let
h : X — A XxgY be the unique morphism induced by the universal property of
the pullback. Each object of the pullback A xp Y is given by some (a,y) with
a € A,y € Y such that p(a) = ¢(y) and the canonical morphism h is given by
h(z) = (f(x),m(z)). We now show that h is an isomorphism, to do this, we use
the explicit description of the pushout in categories found in ([5]). In this paper
the pushout along a fully faithfull functor is given (which we can apply since m is
a chronic) which is moreover repleteﬂ. In order to get the repleteness, we assume Y
is a skeleton. The objects in the pushout P then consists of the objects of C' and
the objects of Y without the objects of X (here we use that m is chronic, thus we
consider X as a full subcategory of Y).
Let (a,y) € A xp Y. Then we have that a is the image of a unique object x € X.
This can then be extended to the needed functor. O

We call a collection moderate if it has a size not greater that Ob(Set):

Lemma 25. Let K be a lex-total 2-category which has a moderate set of objects such
that for each X € IC, there exists an acute arrow M — X with M € M. Then has
K an acutely generating set of objects.

Proof. Assume it does not have an acutely generating set of objects. In particular
we have that IC is not small. We assume that K is skeletal so that we can order the
objects of K.

We now claim that we can order the objects in M such that for each A € M, we
have that {B € M|B < A} is small: Since M is moderate, we can assign to each
object B € M a set B. So we can order {B|B € M} with the inclusion. Since the
subsets of a set forms a set, we have that {B < A|B € M} is a set. So

B<A < BCA

defines a wanted ordering on the objects of M which shows the claim.

Since K has no acutely generating set, we have that these sets can’t acutely generate
IC. So this means that for each A € IC, there exists a chronic m, : X4 — Y4 which
is not an isomorphism, but we have that each morphism B — X4 factors through
my where B < A, i.e.

K(B,ma) : K(B,Xa) = K(B,Ya),

2A functor is replete if its image is replete, i.e. closed under isomorphisms.
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is an isomorphism for all B < A.
For each A € K, consider the following 2-pushout (in Funs (K, Cat)):

IC(—,TTLA)

K(—, Xa) K(—,Ya)

l |

If we apply Z (the left adjoint of the Yoneda embedding), we get that the following
diagram is a 2-pushout square since Z is left exact:

Z(k(—, X)f “E52 (10—, Ya))

| [z

Z(l) L Z(p(A))

Since the Yoneda embedding is fully faithfull and is a right adjoint, we have that
the counit of the adjunction is an isomorphism, so this pushout square is actually
(also using that the terminal object is preserved):

XALYA

| [z

1 2@ Z(PW)

Fix A € M and let Q := Z(P@W). For A # M € M, define ¢); : Q — Q as the
unique morphism such that the following diagram commutes:

X4 45y,

S

1 Z(w)

TFO(Y]M—>1)

For M = A, we set €4 := Idy (notice that this is the unique morphism which
satisfies €4 0 Z(y4) = Z(74) and €4 0 ™ = 7).

So this gives us an assignment M — K(Q, Q) : M — €3;. We now show that this is
an injection: Assume €); = ey but M # N. Then we have ey 0 Z(y)y = enoZ (V) u
from which we conclude that the following diagram is a pushout:

Xm = Y

L

1—1

But by the previous lemma, we have that the pushout of a chronic is a pullback, so
this is a pullback square. But 1 — 1 is an isomorphism, thus its pullback m,, is an
isomorphism which is not possible by assumption.

m
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3.0.5 Exactness of 2-topoi
Proposition 13. Every 2-topoi K is regular.

Proof. That it has finite limits follows because sheafification preserves finite limits
(and is preserved under equivalence of categories.

Since equivalence of categories preserves factorisation, we can assume K = Shy(C, Cat).
Denote by i : Shy(C) — Pry(C) the embedding and by a : Pry(C) — She(C) the
sheafification.

Let f € She(C)(F,G) be a morphism of sheaves. By factorizing it pointwise, we get

a factorization iF' % H % iG (in Pry(C)) where e is acute and m is chronic.

We now show that ae is acute (in Shy(C)). First notice that if n: L — R € Shy(C)

is chronic, then is in : iL — iR € Pry(C) chronic, indeed: Let K € Pry(C), by
adjointness a - ¢, we have that the following diagram commutes:

Pry(C)(K,iL) 2= Pry(C)(K,iR)

F l%

Shy(C)(aK, L) 2= Shy(C)(aK, R)

But n o — is injective on objects and fully faithfull, therefore the same holds for
ino— because the isomorphisms are isomorphisms of categories (hence fully faithfull
functors which are bijective on objects). Since this holds for any K € C, we that in
is indeed chronic.

To show that ae is acute, we have to show that for each chronic n and for each sheaf
F'| the following (commuting) diagram is a pullback square:

Shy(C)(aH, L) 2= Shy(C)(aH, R)

l07(l€ lo—ae

Shy(C)(F, L) —— Shy(C)(F, R)

Since n is chronic, in is chronic (by the previous claim), thus by acuteness of e, the
following diagram is a pullback square (in Pro(C)):

Pry(C)(H,iL) 2= Pry(C)(H,iR)

lofe lofe

Pry(C)(iF,iL) =5 Pry(C)(iF,iR)

But up to isomorphism (by the adjunction a i), these diagrams are the same which
shows the claim. O

Corollary 3. Every 2-topoi K is exact.

Proof. 1t only remains to prove that each congruence is the congruence associated
to some arrow. Let I = Shy(C). If E is a congruence in K, we can consider E in
Pry(C) which we know is exact. Therefore we know that E = E(q) for some 1-cell g.
Since sheafification preserves colimits, we have that this equality translates (under
the sheafification) to I which shows the claim. [

64



Definition 29. Coproducts in a 2-category are universal if they are preserves by
pullback. If any two distinct coprojections into a coproduct have an initial comma
object, then the coproduct is disjoint.

Example 20. Cat has (small) universal disjoint coproducts.

Proof. Let A,B € Cat and F: A— AUB,G: B— AU B be the coprojections.
In Cat, the comma objects are the comma categories, so the comma object of F' and
G would be the category where the objects are of the form (A, B,a : FA — GB)
with A € A,B € B and a € AU B, but such an « can not exist, so the comma,
object has no objects and is thus the empty category.

We now show that the coproducts are universal. Let f: A — [ |;c;
P; be the pullback of f along the i-th coprojection s; of B; into | |
following diagram is a pullback square:

B; € Cat. Let
B;, i.e. the

jer

[

f
A——— |—|j€I Bj
Since s; is a mono, so is t;, thus we have that P; is the full sub-2-category given by:
{Ae Alf(A) € B;}.

Since the B;’s are disjoint in | | ier Bj, we have that the P;’s are disjoint subcategories
of A. Since the P;’s clearly cover A (since f(A) € B; for some i), the functor
L), Pi — Ais an isomorphism. ]

Example 21. Any 2-topos has all small universal and disjoint coproducts.

Proof. Since Cat is exact with all small disjoint universal coproducts, so is F'uny(C, Cat)
since limits and colimits are computed pointwise. Since sheafification preserves col-
imits and finite limits, pullback stability and disjointness of coproducts are pre-
served. O]

3.0.6 Street’s theorem

We call a collection of cardinality no greater then the cardinality of Ob(Set) mod-
erate.

Theorem 5. Let K be a 2-category with small hom-categories. The following are
equivalent:

1. K is a 2-topos.

2. K is lex-total and there exists a moderate set M C Ob(K) such that for each
X € IC, there exists an acute arrow M — X with M € M.

3. Every Cat-valued canonical 2-sheaf on K is representable and IC has an acutely
generating small set of objects.
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4. K is an exact 2-category which has disjoint universal small coproducts and has
an acutely generating small set of objects.

5. There exists a finitely complete, small canonical 2-site C and an equivalence
K = Sh(C, Cat).

Proof. We show the theorem in the following way: 1 — 2 — 3 — 5 = 1
and 1 = 4 = 3. That [> = 1] holds is immediate.

[1 = 2]: That every 2-topos is lex-total is theorem ({). For M we can take all
objects of the underlying site because every presheaf is the colimit of representables
and by definition we have that this is a small 2-category.

[2 = 3]: The first statement is proposition and the second statement is
lemma .

[3 = 5]: Since every Cat-valued sheaf is representable, Yoneda lemma restrict to
an equivalence K = Sh(K, Cat). Notice that the canonical topology consists of the
acute sets. By lemma , there exists a small full sub-2-category C which is closed
under finite limits and chronic subobjects and which contains an acutely generating
set of objects G. So we the inclusion of C in K induces a fully faithfull 2-functor
J. Notice that J is left exact since C is closed under finite limits. For X € K, let
U be the set consisting of all arrows into X with domain in G. Since G is acutely
generating we have that U is acute and thus U € Cov(X). So if we endow C with
the largest topology such that for the restriction to C of every sheaf on K is again
a sheaf, the comparison lemma gives us the equivalence Sh(KC, Cat) = Sh(C, Cat).
So we have an equivalence K = Sh(C, Cat).

[1 = 4] That K has an acutely generating small set of objects follows from
(1 = 2 = 3). The exactness of K and the pullback stability and disjointness
of coproducts is shown in the section of exactness of 2-topoi.

[4 = 3]: Regard K as a canonical 2-site. We have to show that

R:K — Sh(K,Cat) : X — K(—, X),

induced by Yoneda embedding, is an equivalence of 2-categories.
We show that for each F' € Shy(KC, Cat), there exist some X € K and an acute
K(—,X)— F:
Let G be a small acutely generating set of objects (of K), i.e. for each U € K, we
have that

U:={G—-U|Geg},

is acute. Since R preserves acuteness of small sets, we have that
RU :={RG — RU | G € G},

is acute. Since F'is the colimit of representables, we also have that {RV — F |V € K}
is acute. So the composition of these two sets

{RG —- RU - F|Geg,Uek},
is acute. Thus we also have that the following larger set is acute:

(RG-S F|GeG,UeK}.
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Since K has all (small) coproducts, we have that the induced 1-cell (i.e. 2-natural

transformation) is acute:
<|_| RG) — F.

Geg
But RG = K(—,G) and R preserves all (small) coproducts, thus we have that

<|_| RG) — F,

Geg

is an acute 1-cell. Thus for each 2-sheaf F, we have an acute K (—, [ |5 G) — F.
We now show that each F' € Shy(K, Cat) is isomorphic to (—, Z) for some Z € K.
Let e : K(—,X) — F be an acute 1-cell. We show that its associated congruence
E(e) (on F) is isomorphic to RE with E a congruence in K. This is done in three
steps:

1. Assume there exists a chronic k : F' — RY. Then one can show E(e) = E(ke).
Since

K(—X) 5 F 5 K(-Y),
we conclude by Yoneda that ke = Rf for some 1-cell f in K. Thus

E(e) 2 E(ke) ZE(Rf) = R(E(f)).

2. Assume there exists a faithful k : ' — RY. Then one can show that E(e) —
E(ke) is chronic in each component from which one can conclude that E(e) is
isomorphic to a congruence in the image of R.

3. If F' is arbitrary, then have the objects of E(e); : Fy — Fj (that is Ey and Fy)
faithful arrows into the image of R using that (F},s,t) is a discrete fibration
and the image of s and ¢ is RX.

Since K is exact, it has all quotients, hence we can write E(e) = R (E(é)) But R

preserves quotients and the quotient of E(e) has F' as its underlying 0-cell. Thus F
is indeed representable. O
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